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Abstract:

This study introduces a novel probability distribution known as the Beta Transmuted Fréchet Distribution
(BTFr), which integrates the Rank Transmutation Map (RTM) and Beta Generalized (B-G) techniques with the
classical Fréchet (Fr) distribution to enhance the capability and flexibility of statistical modeling for complex
data characteristics (e.g., heavy tails and asymmetric skewness). The proposed distribution encompasses several
well-known distributions as special cases and is characterized by five parameters, making it more flexible in
representing asymmetric skewness and heavy tails compared to classical distributions like the original Fréchet
(Fr) and its common generalizations (BFr, TFr, EFr). The study derives the mathematical properties of the new
distribution, including survival and hazard functions, moments, quantiles, moment-generating functions,
random number generation, and order statistics. Parameter estimation is performed using the maximum
likelihood method (MLE), with the observed information matrix employed to estimate approximate variances
of the estimators and construct confidence intervals. A simulation study evaluates the performance of the
estimators in finite samples and analyzes their asymptotic efficiency, demonstrating their consistency and
efficiency. The study also includes a practical application to two real-world datasets to illustrate the significance,
efficiency, and utility of the proposed distribution in modeling complex data. The performance of BTFr is
compared to its sub-distributions using well-known goodness-of-fit tests and likelihood ratio (LR) tests. The
results confirm the superior fit and statistical significance of BTFr in representing and modeling extreme-value
data, with the additional parameters providing a meaningful improvement in flexibility compared to its sub-
distributions. The study recommends using this distribution in fields such as financial risk analysis and
engineering reliability
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,17.3,18.1,18.2,184,18.9,19.0, 199,
20.6,21.3,214,219,23.0,27.0,31.6,33.1
,38.3

L) Ailany) (ailadll (3)dsaall ags
o ) (1.489) Cansall Cabaidy) yudg iyl
(5.55) aitipall medayiall 509 L) Aligla i ylaie
o il (6.5) dasesl of WS ALE Jgd agag
AL bl Jid e A udy (9.8) Jasssiall
et Adylaial) all Aaadly Alls Jias L) 038 ld
Adaal) AW HLaaY doalic lebeay Lo dbila)
by sael) il dadal eyl 550 Joa
Qs e gy JSI gl ol dacajil
SIS

eyl ailasysis (BTFr) st Clalaa 0058 4.2
& O8O Ak SlaasulBFr , TFr, EFr, Fr
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(4)dsanll 8 daiage 29 Baguayall

bl (BTFr) it deeda s3sa Lid) 234.3
alatinli 0.05 disine (ggiune 2ie L) il
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olds o ) se alu cllailly lany) YY) 1l cudiph —Un a8

A by caiall BlSlaal) @il ¢ (2)J g0

i A<ty Ldally Laal) Uadd) cyWLia195%
(BTFr) &5 MLEs - 4silaay) pailaill )
(BTFr) pujsi alleal 421 o)5al
Sanllple Parameter Pal:ame.ter Bias MSE SE Lower Upper Total
size Estimation
u i =1.2205139 | 0.1120514 | 0.0125555 | 0.0996134 | 0.1073237 | 0.1367791 | 0.2441028
o 6 =0.477162 | 0.0277162 | 0.0007682 | 0.0471116 | (0.012845 | 0.1082773 | 0.0954324
10 A 1 =0.6207641 | 0.0320764 | 0.0010289 | 0.0843201 | 0.0275793 | 0.0965735 | 0.1241528
a a =0.699063 | 0.0299063 | 0.0008944 | 0.0017631 | 0.0237045 | 0.1161081 | 0.1398126
b =1.4357391h | 0.0935739 | 0.0087561 | 0.1649198 | 0.1241589 | 0.1629889 | 0.2871478
u i =1.2205139 | 0.0373505 | 0.0013951 | 0.0332045 | (0.0378494 | 0.0435181 | 0.0813676
o 6 =0.477162 | 0.0092387 | 0.0000854 | 0.0157039 | 0.0042504 | 0.0275604 | 0.0318108
30 A 1=0.6207641 | 0.0106921 | 0.0001143 | 0.0281067 | 0.0140532 | 0.0273311 | 0.0413843
a a@ =0.699063 | 0.0099688 | 0.0000994 | 0.0005877 | 0.0144106 | 0.0321936 | 0.0466042
b =1.4357391h | 0.0311913 | 0.0009729 | 0.0549733 | 0.0441215 | 0.0515944 | 0.0957159
u fl =1.2205139 | 0.0224103 | 0.0005022 | 0.0199227 | (.023093 | 0.0257276 | 0.0488206
o 6 =0.477162 | 0.0055432 | 0.0000307 | 0.0094223 | 0.0041265 | 0.01496 | 0.0190865
50 A 1 =0.6207641 | 0.0064153 | 0.0000412 | 0.0168640 | 0.0093298 | 0.0155008 | 0.0248306
a @ =0.699063 | 0.0059813 | 0.0000358 | 0.0003526 | (0.0098488 | 0.0181137 | 0.0279625
b =1.4357391h | 0.0187148 | 0.0003502 | 0.0329840 | 0.0269782 | 0.0304513 | 0.0574296
u i =1.2205139 | 0.0140064 | 0.0001962 | 0.0124517 | 0.0146055 | 0.0159073 | 0.0305128
o 6 =0.477162 | 0.0034645 | 0.0000120 | 0.0058890 | 0.0032881 | 0.008641 | 0.011929
80 A 1 =0.6207641 | 0.0040096 | 0.0000161 | 0.0105400 | 0.0062350 | 0.0092841 | 0.0155191
a @ =0.699063 | 0.0037383 | 0.0000140 | 0.0002204 | 0.0066964 | 0.0107801 | 0.0174766
b =1.4357391h | 0.0116967 | 0.0001368 | 0.0206150 | 0.0170887 | 0.0188048 | 0.0358935
u i =1.2205139 | 0.0112051 | 0.0001256 | 0.0099613 | 0.0117394 | 0.0126709 | 0.0244103
o 6 =0.477162 | 0.0027716 | 7.6819E-6 | 0.0047112 | 0.0028565 | 0.0066867 | 0.0095432
100 A 1 =0.6207641 | 0.0032076 | 0.0000103 | 0.0084320 | 0.0051167 | 0.0072985 | 0.0124153
a d =0.699063 | 0.0029906 | 8.9439E-6 | 0.0001763 | (0.0055296 | 0.0084517 | 0.0139813
b =1.4357391h | 0.0093574 | 0.0000876 | 0.0164920 | 0.0137434 | 0.0149713 | 0.0287148
u i =1.2205139 | 0.0056026 | 0.0000314 | 0.0049807 | (0.0059379 | 0.0062672 | 0.0122051
o G =0.477162 | 0.0013858 | 1.9205E-6 | 0.0023556 | 0.0017087 | 0.0030629 | 0.0047716
200 A 1 =0.6207641 | 0.0016038 | 2.5722E-6 | 0.0042160 | (.0027181 | 0.0034895 | 0.0062076
a a =0.699063 | 0.0014953 | 2.236E-6 | 0.0000882 | (0.0029788 | 0.0040119 | 0.0069906
b =1.43573915 | 0.0046787 | 0.0000219 | 0.0082460 | 0.0069616 | 0.0073958 | 0.0143574

DY) aligl cliby ddbaay) galadl) :(3) de

Minimum Variance Skewness Kurtosis Maximum

0.8 52.763 1.488 5.548 38.5
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Cldailly Alasy) JY DN 1 Jsadl) Cudih — U sl s e 4 ae b

JUEEY) Byl clibad (Cmens® Om) Ajlaaal) Lgiladly alied) ISy i pads :(4)ds2>

~ ~ 1 ~ =

Distribution 1l o A a b
0.41447 0.72294 1.61126 1.75529 1.30621
(9.86E-6) (0.00012) (0.00102) (0.00021) (0.00044)
1.23395 1.91438 - 2.26156 0.61609
(0.00030) (0.00071) - (0.18417) (0.00453)

0.41303 0.89309 1E-6 -
(0.00016) (0.00023) (0.00095) -
0.36903 0.25275 1.33685
(0.00059) (0.00061) (0.00471)
0.73517 1.67709 -
(0.00050) (0.00252) -

BTFr(u,0,4,a,b)

BFr(u,o0,a,b)

TFr(p, 0,4)

EFr(u,0,a)

)Fr(u, o)

JUEY) @l clbd BTFr ajsil A%, W* K — S :allas) @il :(5)ds

Distribution P-value P-value
BTFr 0.0771 | 1.586 | 0.0918

Syl gl @l {—2,AIC, CAIC, BIC , HQIC} ciliilas) ab :(6)Js>

Distribution —2L AIC AICC BIC HQIC
BTF 343.2412 | 353.2413 | 353.5562 | 367.6172 359.0829
BF 358.2911 | 368.2911 | 368.6061 | 382.6671 374.1327
TF 464.4078 | 474.4078 | 474.7228 | 488.7838 480.2494
EF 465.9191 | 4759191 | 476.2341 | 490.2951 481.7607

F 466.4427 | 476.4427 | 476.7576 | 490.8187 482.2843

DU cligl el LR ks il :(7)dss

Allay 565 Jise BTF )56 bl 5 4y heall 4 6l LR-test
4 A H, statistic
BTF vs BF A#£0 3.63

BTF vs TF alb=#1 14.52

BTF vs EF b+1, A#0 46.92

BTFvs F axlLb#1LA+0 60.92

3 g Led cduball o3 by ¢ ASuIS) il gilly Auilgal) Cilaliiiud) © (ualdd) Juadl)
i g5 ((BTFr)Jsnall cadijh by anysia can

e @i (B-G) dbile alasiuls (TFr) msil

(Conclusions) clatiiuy) 5.1
omilany) oo S Glaal aald) sl sgd
Wy daazall Glayall (e Baaa cOlile X
g5 BFT qisis BFT st (aas 8350 yal b Shisll On Bae SR ol
Glasll e vl Clasesd Z)78Y Cueadiad
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