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ABSTRACT

This study investigates the propagation behavior of a class of general circular light beams (CiBs), known as
Whittaker—Gaussian beams (WGBs), as they traverse oceanic turbulence by employing the Rytov approximation
and diffraction integral formalism. Based on the derived analytical expression, numerical simulations were per-
formed to evaluate the impact of oceanic turbulence on the axial intensity distribution of these circular beams.
The results indicate that the beam intensity profile is significantly influenced by variations in its initial parame-
ters, namely, the beam waist and wavelength, as well as by key oceanic turbulence parameters, including the
rate of mean-square temperature dissipation, balance between temperature and salinity fluctuations, and rate of
turbulent kinetic energy dissipation per unit mass. These findings offer deeper insights that can support the de-
velopment and optimization of optical systems used in underwater communication, remote sensing, and imaging

applications.
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1. INTRODUCTION

In recent years, extensive research has focused on the
propagation of laser beams in optical systems [1-8].
The increasing use of laser beams, particularly in atmo-
spheric optics, has intensified interest in understanding
how light propagates through turbulent environments.
Consequently, the study of laser beam propagation un-
der atmospheric turbulence has become a key topic in
optical research. Atmospheric turbulence, characterized
by irregular fluid motion, has attracted significant atten-
tion owing to its importance in applications such as laser
communication, remote sensing, laser weapon systems,
lattice spectroscopy, tracking, optical coherence tomog-
raphy, and atmospheric laser wireless communication
[9-14]. When a laser beam propagates through a tur-
bulent medium, it experiences several effects, including
beam spreading (divergence), beam wander (positional

jitter), intensity fluctuations, and wavefront distortions,
which can degrade the system performance and limit
technological progress. Consequently, studying random
fluctuations in media, such as biological tissues and at-
mospheric turbulence, is essential. Numerous studies
have examined the behavior of different types of laser
beams in a wide range of turbulent environments [15—
23].

Similarly, another random medium that can signifi-
cantly influence a beam’s propagation characteristics is
oceanic turbulence, which has attracted research interest
in various fields since the early 20th century. Accordingly,
scientists are currently investigating the propagation of
laser beams in this challenging medium. Owing to its
complexity, oceanic turbulence has been less explored
than atmospheric turbulence. Nonetheless, specific diffi-
culties and practical applications associated with optical
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propagation in oceanic environments have reinforced its
relevance as a research topic. Thus, several researchers
have focused on how temperature and salinity fluctua-
tions affect laser beam propagation, including the degree
of polarization and scintillation index.

In recent years, many theoretical and experimental
studies have examined the behavior of different types
of laser beams in oceanic turbulence[16—41]. On the
other hand, this type of beam structure is recognized
as a significant optical beam owing to its distinctive fea-
tures and versatile configuration and is referred to as the
Whittaker—Gaussian beam. This represents a general
solution to the equation for paraxial waves in circular
cylindrical coordinates [42]. These properties form an
additional category of standard circular beams [43], and
can be described using Whittaker and confluent hyper-
geometric functions. Because of its structural flexibility
and broad applicability, this beam has attracted consider-
able research interest. For instance, studies have exam-
ined the radiation forces exerted by Whittaker—Gaussian
beams and their propagation through gradient-index me-
dia and turbulent environments [44—46]. The purpose of
this study is to explore how the characteristics of a spe-
cial case of general CiBs change as they travel across
oceanic turbulence. To the best of our knowledge, the
spreading behavior of this class of beams in such a
medium has not been previously investigated. The re-
mainder of this paper is organized as follows: Section 2
presents the mathematical definition of the incident beam
and examines its behavior after passing through oceanic
turbulence based on the Huygens—Fresnel diffraction in-
tegral. Section 3 provides a numerical analysis of the
beam intensity distribution and propagation characteris-
tics in oceanic turbulence, and Section 4 highlights the
key conclusions of this study.

2. THEORETICAL ANALYSIS OF THE

PROPAGATION OF WGBS IN_ AN
OEE%NIC TURBULENCE ENVIRON-

In the cylindrical coordinate system, the mathematical
expression for the input beam at z = 0 can be written as
follows [42]:
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In this equation, r and ¢ are the coordinates of the
cylindrical system, s is the beam order, wy is the Gaus-
sian part radius, and ¢ indicates a beam-related parame-
ter.

Recalling the following expression, which connects the
Kummer function and My s (X), the hypergeometric
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Equation (1) can be rewritten as
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This equation represents the incident field of a beam
structure. It is expressed as the product of an infinite
summation and Gaussian beam. When m = 0, the beam
contains no vortices and is reduced to a standard Gaus-
sian beam. The normalized intensity distribution of the
incident beam is shown in three dimensions in Fig. 1. It
shows how this beam behaves for various beam order
values of (s = land s = 4) with a variety of incident
beam waists (wy =1, wy = 3, and wy = 4). The graphs
show that the center of the beam exhibited a hollow pro-
file with zero intensity. Moreover, it can be observed that
the primary dark region expands toward higher values in
the x—y coordinate system as both the beam order and
beam radius increase. This indicates that the distinctive
features of this class of CiBs give it a particular profile
that is relevant to laser physics and may be useful for
manipulating and confining small particles. The phase
distributions for the two values of beam order and three
values of beam radius are shown in Fig. 2. It was ob-
served that with increasing wy from 1 to 6, the phase
structure changes and becomes more noticeable. Addi-
tionally, the graphs show a vertically antisymmetric phase
distribution of the beam, which occurs in the odd modes.
Owing to its hollow structure, this beam possesses signifi-
cant scientific value and may have applications in various
areas of physics.

Consequently, as the beam order increased, the spi-
ral phase structure became more divergent. The spiral
phase pattern is more convergent at low beam orders
and becomes increasingly divergent as the beam order
increases. In addition, the spiral phase structure rotated
clockwise.

The following section examines the propagation of a spe-
cial case of general CiBs along the z-axis in an oceanic
turbulent medium, using cylindrical coordinates. This
propagation originates from the incident field at z = 0,
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Figure 1. The 3D normalized intensity in the x, y-directions
at the incident plane of the of a kind of CiBs, with ¢ = 1. For
(@) wp = 1mm, (b) wy = 3mm, and (¢) wy = 6mm. Top row
(s = 1) and bottom row (s = 4).
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as shown in Fig. 3, and is modeled using the extended
Huygens—Fresnel diffraction integral.

The average intensity at the receiving plane can be ex-
pressed as [9]

<Iout(ﬁ,z)> — (272)2/0+00/0+00 /0271/0271
(Ein(71,0) E; (72, 0))
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The complex conjugate is denoted by *, (.) repre-

sents the ensemble average, where the wave number is

k =2m/A, Ais the wavelength of the beam, and ¢ (11, o)

symbolizes the phase disturbance and random fluctua-

tions induced by the oceanic turbulent medium. Mean
term of the oceanic turbulence ensemble [9]

(exp[y(r1,p) + 9" (r2,0)]) = exp {—%Dw(rl,rz,p)}
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where Dy is the wave assembly function of the ran-
dom complex phase in the Rytov symbol.
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Figure 2. The phase distributions of the incident beam for (a)
wg = 1mm, (b) wyp = 3mm, and (¢) wy = 6mm with ¥ =1
and (s =1).
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Figure 3. lllustration of the structure of the studied type of
CiBs as it propagates through oceanic turbulence.

The output beam

In this equation, pg represents the lateral coherence of a
spherical wave. This can be calculated as follows:.
-1/2

2 co
po = [%kzz/o KD (K)dK:| , (7)

where « is the magnitude of the spatial frequency @ ()
characterizes the fluctuations in the spatial power spec-
trum of the refractive index in oceanic turbulence. A
spatial power—spectrum model for refractive-index fluc-
tuations in oceanic turbulence was established for an
isotropic yet inhomogeneous seawater medium.

This model accounts for the differing eddy diffusivities
of temperature and salinity in seawater, and is expressed
as follows [48]:

-\ —11/3
®(x) = 0.388 x 1078 ' [1 +235 (m)”ﬂ F(%, 0 x1),
8.1)

where,

f 0,8, xm) = 5 |82 exp (— Ard)
¢ (82)
+exp (—Agd) —2gexp (—Arsd) } .

where ’\//) represents the dissipation rate of kinetic
energy per unit mass of fluid, with typical values rang-
ing from 1071972573 to 10~'m?s—3 ; the Kolmogorov
microscale (inner scale) is denoted # and has a typical
value of 1073 m ; xr indicates the dissipation rate of
the mean-squared temperature, which falls within the
range 10~4K?s~'to 1071°K%s~1; and ¢ defines the ratio
of temperature- and salinity-induced contributions to the
refractive-index spectrum, taking values in the interval [-5,
0], with the values -5 and corresponding to temperature-
induced and salinity-induced optical fluctuations, respec-
tively. The constants have specific numerical values,
Ar =1.863 x1072,Ag =1.9 x 107%,Apg = 9.41 x 1073,
and § = 8.284(xn)*/3 + 12.978(xn)? where where « is
the spatial frequency associated with the microscale.

By substituting Eq. 1 into Eq. 5, the intensity of the
studied beam propagating through oceanic turbulence
can be expressed 7 .
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With the use of the finite integral given by [49]
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where I, illustrates the first sort of modified Bessel
function of order m and after some rearrangements, Eq.9

becomes
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The following equality is recalled as [50]
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where I (x) is a function of gamma. By using the Eq.2,
which is expressed in Eq. 13 from the Kummer function
as a function of the hypergeometric function 1 F; (.), and

(11)

employed to resolve the integral of Eq. 12 [47]:
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In addition, the following integral equation can be
used:

Jo X1 exp ( I x) n (a1, @2, ..

T (§/> ,u,_‘s m+1Fn <‘X1/“2/---/ “m}5/}')’1/')’2/~~-/')’n} ﬁ) 2
(19)

with m < n,Re (5)
n; Re (;/) > Aifm = n.
After straightforward algebraic calculations, the output

average intensity of this type of general CiB in oceanic
turbulence can be expressed as follows:
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where ,F (.) denotes the hypergeometric function.

After modifying the final expression, Eq. 16 is changed
to (see Appendix A)
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where F (.) indicates the three variables hypergeo-
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metric function The primary outcome of the present study
is Eq. 17, which describes the resulting average intensity
field of the examined CiBs in an oceanically turbulent
environment.

3. NUMERICAL RESULTS AND DISCUS-
SION

In this section, we employ the closed-form analytical ex-
pression in Eq. 17 to perform numerical calculations
to evaluate the evolution of the considered beam as it
propagates through the oceanic turbulence. The com-
putation parameters were selected as the wy = 0.02m,
A = 417 nm. Fig. 4 shows the impact of the mean-square
temperature parameter dissipation rate x on the nor-
malized distribution of the CiBs special case intensity
in oceanic turbulence for two beam order values. It is
evident from the curves that the dark region increases
significantly with increasing beam-order s. It is particu-
larly significant in various fields of physics owing to the
null intensity at the center of the beam. It is also evi-
dent from this illustration that the axial intensity is zero
during the first few meters of the propagation distance.
Because the beam loses its initial black center hollow
owing to diffraction and oceanic turbulence, its intensity
decreases along the propagation distance. As we moved
farther away from this region, the intensity gradually in-
creased until it reached its maximum. In this instance,
the intensity is highly concentrated on a large value of
the parameter x and under a low propagation distance;
similarly, the studied beam decreases faster for a higher
xT, Which suggests that the medium is agitated. As a
result, for a broad range of low values of xr, the normal-
ized intensity adopts a wider profile in oceanic turbulence,
and the beam maintains its hollow characteristic for a
longer period of time. It is concluded that the explored
beam is more resilient to oceanic turbulence when xr
takes a small value. This indicates that the beam was
not significantly affected by oceanic turbulence in the
far-field region.

Fig. 5 presents the normalized intensity of this type of
circular beam in oceanic turbulence for various values
of oceanic parameters, {,, as a function of propagation
distance and beam order. When the beam order and
propagation distance increase, the oceanic variable Chas
a significant effect on the intensity of the beam.

From this figure, it is observed that znax increases
as the parametric oceanic increases {. Moreover, when
the beam order was large, the central peak intensity in-
creased more slowly. Therefore, we can conclude that
the disappearance of the initial central dark spot slows
with increasing s and . This property pertains to atom
confinement, making it extremely important. The exam-
ined beam is more prominent in terms of axial intensity.
As aresult, at low values of {,, the beam is more resistant
to changes caused by oceanic turbulence.
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Figure 4. Normalized intensity distribution of a type of WGBs
for two values of beam order (a) s = 0 and (b) s = 4, and
diverse values of x, withe = 107'm?s~3 and { = —1.

Figure. Six presents the normalized axial intensity
distribution of the investigated beam for two beam-order
values in a turbulent oceanic environment, considering
three values of the dissipation rate of the turbulent ki-
netic energy per unit mass of fluid. The axial intensity
remains nearly unchanged near zero at the beginning of
the propagation until it reaches its maximum value, as
displayed in this figure, and then gradually decreases for
longer propagation distances. This illustrates that the
beam spreads more rapidly at higher beam-order values
owing to the diffraction mechanism. In other words, a
laser beam with a low beam order can better withstand
an increased turbulent kinetic energy dissipation rate per
unit mass of the fluid.

Additionally, it has been found that when the parame-
ter e is larger and when the axial-intensity variation rate
increases, the beam propagation shortens and the beam
lobes expand as the turbulence intensifies. In conclusion,
the analyzed beam exhibits longer propagation distances
at higher spreading values of €.

To investigate how wavelength affects the visi-
ble spectrum (A = 417nm, A = 488nm, A = 532nm and
A = 633nm) on studied beam’s evolution characteristics
using various underwater oceanic turbulence parame-
ters (x1, €, {), Several curves are presented in Fig. 7
to demonstrate the beam’s normalized average inten-
sity propagating through oceanic turbulence at a long
propagation distance.

In the first few meters of the field, the normalized axial
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intensity distribution remains unchanged; that is, as the
propagation distance increases, the intensity starts to
rise to its maximum value. After reaching this maximum,
the intensity gradually loses its initial central dark region
and begins to decrease steadily.

Furthermore, as wavelength A increases, a broad profile
is required for the average intensity distribution. Simula-
tion studies showed that the axial intensity of the charac-
terized beam decreases more rapidly as the beam order
increases, indicating that a laser beam with a longer
wavelength is better able to maintain propagation over
extended distances. In turbulent media, refractive-index
fluctuations mainly induce random phase distortions that
scale inversely with the wavelength. Thus, longer wave-
lengths undergo weaker relative phase perturbations,
interact less with small-scale turbulent structures, and
consequently propagate more coherently, resulting in
improved beam stability and increased resistance to tur-
bulence.

By altering the beam waist wy for different values of the
beam-order s, we can show that Fig. 8 the intensity distri-
bution of the propagation of the examined beam passing
in oceanic turbulence as a function of z, based on Eq.
16. The figure clearly shows that as the propagation
distance increases, the axial intensity also increases as
well reaching its maximum value. After that, it gradually
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Figure 6. Normalized intensity distribution of WGBs for two
different beam orders (a) s = 0 and (b) s = 4, for diverse
values of e, with = —1 and xy7 = 1070 K2s~1.

starts to drop as the propagation distance increases. It
is also apparent from these illustrations that the investi-
gated beam intensity profile has a center dark area with
zero values of the intensity and the beam waist increases
with increasing beam order. Moreover, the average in-
tensity distribution of the considered beam propagating
through oceanic turbulence is significantly influenced by
the beam waist width. As a result, the axial intensity
lobes widen with increasing beam waist width, suggest-
ing that the analyzed beam with modest beam waist
values are more resilient to the perturbation brought on
by the medium under study.

This behavior may be attributed to the fact that fluctu-
ations in the source field increase as both the beam
waist and the topological charge decrease. Addition-
ally, increasing the beam waist can improve transmission
through maritime turbulence in some cases. Physically, a
larger initial beam radius reduced the intrinsic diffraction-
limited confinement of the beam. Consequently, the
beam interacts with a larger cross-section of turbulent
eddies in the oceanic medium, making it more suscepti-
ble to phase distortions and intensity fluctuations. Con-
versely, a smaller waist remains more tightly confined
and therefore experiences weaker cumulative turbulence
effects. This explanation has now been added to the
revised manuscript for clarity.
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In this study, we theoretically analyzed the spreading of o\ 3t

Whittaker—Gaussian beams in oceanic turbulence using 00 (#)m (ﬁ)

the Huygens—Fresnel integral and numerical simulations Z 5+ 1)m : !

of the axial intensity evolution. The results show that =0 ’

the turbulence resistance improves with wavelength but I(s ++m1+—1k DI(s ;:ZZJ )

decreases with a larger beam radius, and the beams “i " a

remain more stable under low temperature dissipation 1

and minimal salinity fluctuations. These findings highlight x2h (S tmytlst+m+1Ls+1; plaray ) ’

the potential of Whittaker—Gaussian beams in underwa- (A1)

ter optical communication, remote sensing, and imaging.
However, practical applications must consider absorption
and scattering, limited range, required laser power, and
experimental feasibility, as our study focused on clean
water and neglected other environmental factors.

where the Gaussian hypergeometric function, F; (.)is de-
fined by the series representation

1
ohils+m+1l,s+m+Ls+1l —r | =
Po&1&2

Appendix A derivation of Eq. 17 i (5 + 1z + V(s +my + 1)y 1 1 n
X —_— —
n=0 (s+1)n n! \ pdayaz
. . . L (A2)
Equation 17 expresses the on-axis average intensity dis-
tribution of the Whittaker Gaussian beams propagating

through oceanic turbulence, which serves as the starting tities listed below

where (a),,is the symbol for Pochhammer, using the iden-
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F(s+1+m)=T(s+1)(s+1),,, (A3.a)

and

[(s+14my)=T(s+1)(s+1),,, (A3.b)

and following the substitution of A2 for A1, the average
intensity received is stated a

S
1 s
K2 (%) —i\?( i \*T(s+1)
Iout(0,2)) = = — — ] ===
<out( Z)> 22 4 % lerllerl

(s+ 1) (s+m +1)n (s+ma+1)u(s+1)m, (A4)
(s+Dm (s +1)n (s+Dm,

(s+1—0) (s+1—19)
2 my 2 my

mqy!my!n!
. my . my n
i —i 1
20(1(475 Zazwg pgalaz

Currently, by using the following

(s +my+1) ST (A5.a)
s+m n= .
(s+1),,
and
(S + 1)m +n
(s+my+1) = ——"2t (A5.b)
(541,

It is possible to rearrange Eqgs. A4 as follows:

B i i I'(s+1)

(lout(0,2)) = 2 4 (2&)3) <2w%> aiJrl(Xerl
[ee] [ee] [ee]
D>

s+1-¢ s+1-0
(S + 1)ml+n (S + 1)mz+n ( 2 my ( 2 )mz
(s +1), (5 + D), (s+ 1),

X my ) ny n
1 i —i 1
H’Il! mz! n! 20{10.}% 2062&1% ‘0%061 1 %)
(

AB)

We are aware that [47]

F3 @ Fx (o, w0, 2, B1, B2, B1; Y1, Y2, V35 X, 1, 2)

- i Y i (@) (@2)tp (B )nsp(B2)e xlt yt zp (A7)

(rOn(r2)i(ra)p Rt pt

Next, Eq. A7 helps us since it allows us arrange the
expressions in Eq. A6 as

S
1 s E
K2 (?) —i \*[ i )\ T(s+1)
(lout(0,2)) = 2 4 @ @ “T—l[x;ﬁ—l

XFK{SHZ_&,s-i-l,s-&-l,s—l-l, y,s—kl
;84+1,s+1,s+1
i —i 1
Zuzlw(z)' thzwg' péalrxz ’
(A8)

Finally, in the manuscript, Eq. A8; is equivalent to Eq.
16.
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