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Abstract
A two-dimensional Zakharov Kuznetsov (ZK) equation was derived for ion-acoustic (IA) solitons in magnetoplas-
mas with relativistic streaming warm ions, superthermal electrons and positrons, and stationary heavy ions (either
positive or negative). The transverse instability of the IA solitons was investigated using the small- κ perturbation
expansion method. The effects of plasma parameters such as the concentration of positive/negative heavy ions,
relativistic streaming velocity of ions, superthermality of electrons and positrons, positron concentration, ion tem-
perature, and magnetic field strength on the instability of IA solitons are investigated. These parameters have a
significant effect on the instability growth rate. The results also indicate that the solitons tended to be stable in the
plasma model containing negatively charged heavy ions. The findings of this work may provide valuable insights
into the understanding of astrophysical systems, especially in the context of pulsar magnetospheres, solar wind,
and Van Allen radiation belts, where relativistic ions and superthermal electron-positron coexist with heavy ions.
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1. INTRODUCTION
Electron-positron-ion plasmas have unique properties
that distinguish them from those of traditional electron-ion
plasmas. Owing to the critical role that EPI plasmas play
in understanding space and astrophysical environments,
there has been considerable research interest in past
years in characterizing nonlinear structures propagating
in such plasmas [1–5]. Among these nonlinear structures
are ion-acoustic (IA) solitons, which have been investi-
gated by many authors in various EPI plasmas over the
past years [6–11]. They showed that the dynamic char-
acteristics of IA solitons are drastically altered by the
presence of positrons in ordinary electron-ion plasma
systems.

However, most observations on various astrophysical
environments, such as solar wind [12], Earth’s plasma
sheet [13], and planetary magnetosphere [14, 15], have
confirmed the presence of plasmas with superthermal
particles, which have a significant influence on plasma
dynamics. Such particles are characterized by pro-

nounced high-energy tails in the velocity space, indi-
cating a deviation from thermal equilibrium [16, 17]. In
general, the most effective distribution for describing
such energetic particles is the generalized Lorentzian
(or kappa) distribution [18]. Several authors [17, 19–23]
have shown that the presence of superthermal particles
in EPI plasma environments has a significant impact
on wave dynamics in such plasmas. They used kappa
distributions to describe these superthermal particles
and investigated the ion-acoustic waves (IAWs) in the
framework of various nonlinear wave equations such as
Korteweg-de Vries (KdV) [19], Kadomtsev-Petviashvili
(KP) [20], and Zakharov-Kuznetsov (ZK) equations [21]
or forced ZK equation [22]. Recently, El-Monier et al. [23]
investigated nonlinear IAWs in dissipative magnetized
EPI plasma with superthermal electrons and positrons.

On the other hand, heavy ion populations (i.e., ions
with a mass significantly larger than that of protons, such
as oxygen, carbon, iron, nitrogen, and other heavy metal
ions) are common components of several regions of as-
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trophysical environments, particularly in planetary mag-
netospheres, solar wind, and interstellar media [24–26].
The presence of heavy-ion populations in EPI plasma
may have unique effects on the dynamics of the plasma
system and on the properties of the nonlinear wave
modes, including IA solitons. Hossen et al. [27] investi-
gated the basic features of IA solitary and shock waves
in a relativistic degenerate EPI plasma in the presence
of positively charged static heavy ions. They found that
the IA solitary and shock waves are significantly affected
by the parameter of stationary heavy ions.

Numerous observations of space and astrophysical
environments -including Earth’s magnetospheric plasma
sheet boundary layer [28], Van Allen radiation belts [29],
and pulsar magnetospheres [30] have confirmed the ex-
istence of ions with energies ranging from to. Such ions
can achieve velocities approaching the speed of light in
vacuum. In this case, the relativistic effects are important
and must be considered. Many investigations have been
carried out in recent years to investigate the propaga-
tion characteristics of IA solitons in many relativistic EPI
plasma models [31–38]. Some of these investigations
were based on weakly relativistic effects [31–34], while
others considered the influence of high relativistic [35–
38]. However, all of these studies were accomplished
using the KdV equation, which has stable plane soliton
solutions. On the other hand, the nonlinear ZK equa-
tion is a very attractive model equation that can be used
to describe the dynamical behavior of solitary waves or
solitons in two or three dimensions. A few authors have
investigated the basic properties of IA solitons in rela-
tivistic EPI plasmas by deriving a nonlinear ZK equation
[39–41]. However, all of these investigations [39–41]
were conducted outside the framework of the instability
analyses of the soliton solution of ZK equation.

In general, the study of the transverse instability of
the plane soliton solution of the ZK equation is very
important because only stable solitons are promising
for experimental observations and physical applications.
Several investigations have been conducted on the in-
stability analyses of soliton solutions of the ZK equation
in different plasma models [42–51]. For example, the
transverse instability of dust-acoustic solitary waves in a
dusty plasma was analyzed through the derivation of the
ZK equation that was solved numerically [48]. Through
the derivation of ZK equation, Zedan et al. [49] investi-
gated the multi-dimensional instability of IA solitons in a
magnetized, degenerate multi-ion plasma using small-
wavenumber (small- κ ) perturbation expansion method.
The plasma system consisted of inertial positive and neg-
ative ions, immobile negatively charged heavy ions, and
trapping distributed electrons. Moreover, the instability
and its growth rate of IAWs in a dense, unmagnetized
multi-component plasma containing inertial negative and
positive ions, as well as inertialess degenerate electrons
and positrons were investigated by Khaled et al. [50].

More recently, Misra and Abdikian [51] studied the trans-
verse instability of electron-acoustic solitons in a rela-
tivistic degenerate plasma using the small-perturbation
expansion method.

To the best of our knowledge, no prior study has ad-
dressed the transverse instability of the planar soliton so-
lution to the two-dimensional (2D) Zakharov-Kuznetsov
(ZK) equation within a collisionless, magnetized multi-
component plasma composed of relativistic warm light
ions (hydrogen nuclei H+ ), superthermally distributed
electrons and positrons, and stationary heavy ions (ei-
ther positively or negatively charged). Consequently,
the primary objective of this paper is to investigate the
transverse instability of IA solitons in this specific plasma
configuration. To achieve this, we employ the reductive
perturbation technique (RPT) [52], deriving the ZK equa-
tion which admits a solitary wave (or soliton) solution.
Subsequently, we examine the transverse instability of
this soliton solution by deriving the instability growth rate,
adopting small-perturbation expansion method [42, 43].
Such plasmas may exist in space and astrophysical envi-
ronments, especially the magnetosphere of pulsars, the
solar wind, the Van Allen radiation belts, and planetary
magnetospheres, where relativistic streaming ions and
superthermal electrons and positron pairs can coexist
with heavy ions.

The remainder of this paper is organized as follows:
The governing equations for our plasma model are pre-
sented in Section 2. Using RPT, the 2D ZK equation is
derived in Section 3, and the solution is determined in
this section. Using the small-k perturbation method, the
transverse instability and growth rate of IA solitons are
investigated in Section 4. The results and discussion are
presented in Section 5. The conclusions are presented
in Section 6.

2. GOVERNING EQUATIONS

We consider a multi-component, magnetized, collision-
less plasma model consisting of relativistic streaming
warm positive light ions, superthermally distributed elec-
trons and positrons, and immobile heavy ions (either pos-
itive or negative). We assume that such a plasma model
is embedded in a uniform magnetic field oriented along
the z-axis i.e., B = B0êz. Because the mass difference
between heavy and light ions or electrons, the mobility
of light ions may be much more than that of heavy ions.
Therefore, we will neglect the mobility of heavy ions and
consider them as a stationary background. Furthermore,
we consider that the relativistic streaming ion velocity
is in the z-direction only. For such plasmas, the quasi-
neutrality condition is: ne0 + JZhnh0 − Zini0 − np0 = 0,
where ne0, np0, ni0 and nh0 represent the unperturbed
densities of the electrons, positrons, light ions, and sta-
tionary heavy ions, respectively. Zh and Zi are the elec-
tronic charges of the heavy and light ions, respectively,
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and J = −1 (+1) for positive (negative) heavy ions. For
relativistic streaming of light ions, we deal with hydrogen
nuclei H+ (primarily protons). So, we take Zi = +1.
Accordingly, the propagation of IAWs in such plasmas is
described by the following normalized equations:

∂ni
∂t

+
∂

∂x
(niuix) +

∂

∂z
(niuiz) = 0, (1)

∂uix
∂t

+ uix
∂uix
∂x

+ uiz
∂uix
∂z

= − ∂ϕ

∂x
− σ

ni

∂pi
∂x

+ uiyΩc, (2)

∂uiy

∂t
+ uix

∂uiy

∂x
+ uiz

∂uiy

∂z
= −uixΩc, (3)

∂γuiz
∂t

+ uix
∂γuiz

∂x
+ uiz

∂γuiz
∂z

= − ∂ϕ

∂z
− σ

ni

∂pi
∂z

, (4)

∂pi
∂t

+ uix
∂pi
∂x

+ uiz
∂pi
∂z

+ 2pi

(
∂uix
∂x

+
∂γuiz

∂z

)
= 0, (5)

∂2ϕ

∂x2 +
∂2ϕ

∂z2 + ni = αene − αpnp + jαh, (6)

where ni and pi are the number density and ther-
mal pressure of positive light ions, normalized by ni0,
ni0kBTi, respectively. The quantity ϕ represents the
electrostatic potential, normalized by mic2

s /e, where
cs =

√
kBTe/mi is the ion sound speed, mi is the ion

mass, Ti(Te) is the ion (electron) temperature, and kB

is the Boltzmann constant. The quantities uix, uiy,
and uiz represent the light- ion fluid velocities in the
x, y, and z directions, respectively, and are normal-
ized by the ion sound speed cs. The space (x, z)
and time (t) variables are normalized by Debye length
λD =

√
ϵ0kBTe/ni0e2 and inverse ion plasma frequency

ω−1
pi =

(
ni0e2/ϵ0mi

)−1/2, respectively, where ϵ0 is the
permittivity of vacuum. The quantity Ωc represents the di-
mensionless ion gyrofrequency, defined as Ωc=ωci/ωpi,
where ωci=eB0/mi is the dimensional ion gyrofrequency.
We define σ = Ti/Te as the ion- to- electron temperature
ratio, σp = Te/Tp as the electron-to-positron tempera-
ture ratio, αe = ne0/ni0 = (1 − Jαh)/(1 − δ), and αp =

np0/ni0 = δ (1 − Jαh)/(1 − δ) where δ = np0/ne0 is the
positron-to-electron density ratio, and αh = nh0/ni0 is the
heavy-to-light ion density ratio. The relativity factor γ =(
1 − u2

iz/c2)−1/2 appearing in Eqs. Eq. (4) and Eq. (5)
is approximated as in γ ≈ 1 + u2

iz/2c2 + 3u4
iz/8c4.

Because the electrons and positrons in our magneto-
plasma model are assumed to follow kappa distributions,
their densities are given by the following normalized ex-
pressions: [21–23]

ne =

(
1 − ϕ

κe − 3/2

)−κe+
1
2

(7)

np =

(
1 +

σpϕ

κp − 3/2

)−κp+
1
2

(8)

where κe and κp are the superthermal parameters
of the electrons and positrons, respectively. It should
be noted that at very large values of κj–parameter (i.e.,
when κj → ∞), the kappa distribution is close to the
Maxwellian distribution (i.e., close to the thermal equi-
librium state), whereas for smaller values of κj , they
present a hard spectrum with a strong non-Maxwellian
tail having a power law form at high speed.

Because the electrostatic potential perturbation is
very small (i.e., ϕ ≪ 1), the densities of electrons and
positrons in Eqs. Eq. (7) and Eq. (8) are expanded us-
ing a Taylor expansion around ϕ = 0 to ϕ2. With these
expansions, Poisson’s equation Eq. (6) can be simplified
to:

∂2ϕ

∂x2 +
∂2ϕ

∂z2 + ni = 1 + a1ϕ + a2ϕ2 + . . . (9)

where the coefficients a1, and a2 are calculated to be

a1 =

(
1 − Jαh
1 − δ

)[
(κe − 1/2)
κe − 3/2

+
δσp

(
κp − 1/2

)
κp − 3/2

]
(10)

and

a2 =
1
2

(
1 − Jαh
1 − δ

) (
κ2

e − 1/4
)

(κe − 3/2)2 −
δσ2

p

(
κ2

p − 1/4
)

(
κp − 3/2

)2

 .

(11)

3. DERIVATION OF ZK EQUATION
To derive the 2D ZK equation, which evinces the propa-
gation of small-amplitude IA solitons, RPT is used [52].
Accordingly, we consider the following transformations.

ξ = ϵ1/2x, ζ = ϵ1/2 (z − Vpt
)

, (12)

τ = ϵ3/2t, (13)

where Vp is the linear phase velocity of IAW (to be
determined) and ϵ is small real parameter i.e., 0 < ϵ < 1.
The normalized quantities ni, uiz, pi and ϕ are expanded
in terms of power series in ϵ as


ni
uiz
pi
ϕ

 =


1
u0

1
0

+ ϵ


n1

uz1

p1

ϕ1

+ ϵ2


n2

uz2

p2

ϕ2

+ . . . ,

(14)
while the quantities uix and uiy are expanded as fol-

lows

uix = ϵ2ux1 + ϵ3ux2 + . . . , (15)

uiy = ϵ3/2uy1 + ϵ5/2uy2 + . . . . (16)

Substituting the expressions Eq. (12)-Eq. (16) into
the normalized basic equations Eq. (1) to Eq. (5) and
Eq. (9), and then collecting the terms for different powers
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of ϵ, and setting them equal to zero, we obtain a set
of equations in different orders in ϵ. For lower- order
equations, that is , O(ϵ3/2), we obtain the following first-
order perturbative quantities:

n1 =
1

γ1 (λ2 − 2σ)
ϕ1, (17)

uz1 =
λ

γ1 (λ2 − 2σ)
ϕ1, (18)

p1 =
2

λ2 − 2σ
ϕ1, (19)

n1 = a1ϕ1, (20)

where λ = Vp − u0 is the relativistic linear phase
velocity of IAWs, and γ1 = 1 + 3β2

0/2 + 15β4
0/8 is a

parameter related to the relativistic effect, and β0 = u0/c
is a relativistic parameter.
Substituting Eq. Eq. (17) into Eq. Eq. (20), we obtain the
relativistic linear phase velocity of IAWs as

λ =

√
1

γ1a1
+ 2σ. (21)

Moreover, the lowest order terms in ϵ for x and y com-
ponents of momentum equations lead to the following
relations:

ux1 =
λ

Ωc

∂uy1

∂ζ
, (22)

uy1 =
λ2

Ωc (λ2 − 2σ)

∂ϕ1

∂ξ
. (23)

Equations Eq. (22) and Eq. (23) give

ux1 =
λ3

Ω2
c (λ

2 − 2σ)

∂2ϕ1

∂ζ∂ξ
. (24)

For the second-order terms (ϵ2) of the Poisson equa-
tion Eq. (9), we obtain the following equation:

n2 = a1ϕ2 + a2ϕ2
1 −

∂2ϕ1

∂ξ2 − ∂2ϕ1

∂ζ2 . (25)

Now, by collecting the next higher-order terms of ϵ

(i.e., ϵ5/2) for the continuity, z-component momentum,
and energy equations, we obtain

∂n1

∂τ
− λ

∂n2

∂ζ
+

∂uz2

∂ζ
+

∂ux1

∂ξ
+

∂n1uz1

∂ζ
= 0, (26)

γ1
∂uz1

∂τ
− γ1λ

∂uz2

∂ζ
− 2γ2λuz1

∂uz1

∂ζ
+

n1
∂ϕ1

∂ζ
+

∂ϕ2

∂ζ
+σ

∂p2

∂ζ
= 0,

(27)

∂p1

∂τ
− λ

∂p2

∂ζ
+ uz1

∂p1

∂ζ
+ 2γ1

∂uz2

∂ζ
+

4γ2uz1
∂uz1

∂ζ
+ 2γ1 p1

∂uz1

∂ζ
+ 2

∂ux1

∂ξ
= 0,

(28)

where parameter γ2 is also related to relativistic ef-
fects and is defined by γ2 = 3β0/2c + 15β3

0/2c. Substi-
tuting the first-order quantities n1, uz1, p1 and ux1 from
Eqs. (17)–(20) and Eq. (24) into the Eqs. (26-28), we get

a1
∂ϕ1

∂τ
+ 2a2

1λϕ1
∂ϕ1

∂ζ
+

γ1a1λ3

Ω2
c

∂3ϕ1

∂ζ∂ξ3 −λ
∂n2

∂ζ
+

∂uz2

∂ζ
= 0,

(29)

γ1a1λ
∂ϕ1

∂τ
+ a1

(
1 − 2γ2a1λ3

)
ϕ1

∂ϕ1

∂ζ
−

γ1λ
∂uz2

∂ζ
+

∂ϕ2

∂ζ
+σ

∂p2

∂ζ
= 0,

(30)

2γ1a1
∂ϕ1

∂τ
+ 2a2

1λ [γ1 (1 + 2γ1) + 2γ2λ] ϕ1
∂ϕ1

∂ζ
+

2γ1a1λ3

Ω2
c

∂3ϕ1

∂ζ∂ξ3 + 2γ1
∂uz2

∂ζ
− λ

∂p2

∂ζ
= 0,

(31)

where we have used γ1
(
λ2 − 2σ

)
= 1/a1 from Eq.

Eq. (21). Now, eliminating p2 between Eqs. (30) and
(31) gives us

γ1a1

(
λ2 + 2σ

) ∂ϕ1

∂τ
+

a1λ

[
1 + 2σa1γ1 (1 + 2γ1)−

2γ2λ

γ1

]
ϕ1

∂ϕ1

∂ζ
+

2σγ1a1λ3

Ω2
c

∂3ϕ1

∂ζ∂ξ3 − 1
a1

∂uz2

∂ζ
+ λ

∂ϕ2

∂ζ
= 0,

(32)

and again eliminating uz2 between Eqs. (29) and (32)
gives the following equation:

2γ1a1λ2 ∂ϕ1

∂τ
+

a1λ

[
3 + 2σa1γ1 (1 + 2γ1)−

2γ2λ

γ1

]
ϕ1

∂ϕ1

∂ζ
+

λ3γ1 (2σa1 + 1)
Ω2

c

∂3ϕ1

∂ζ∂ξ2 − λ

a1

∂n2

∂ζ
+ λ

∂ϕ2

∂ζ
= 0,

(33)

Finally, we substitute n2 from Eq. Eq. (25) into Eq.
Eq. (33), the following 2D ZK equation is obtained:

∂ϕ1

∂τ
+ Aϕ1

∂ϕ1

∂ζ
+ B

∂3ϕ1

∂ζ3 + D
∂3ϕ1

∂ζ∂ξ2 = 0, (34)

which describes the propagation of IA solitons in a
2D relativistic magnetized plasma containing relativistic
streaming light ions, stationary heavy ions, superther-
mal electrons, and positrons. Coefficient A represents
a nonlinear coefficient, whereas coefficients B and D
represent the dispersion coefficients in the parallel and
transverse directions of the external magnetic field, re-
spectively, which are defined by

A =
1

2λγ1

[
3 + 2σa1γ1 (1 + 2γ1)−

2γ2λ

γ1
− 2

a2

a2
1

]
,

B =
1

2λγ1a2
1

,
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D = B
[

1 +
λ2γ1a1 (2σa1 + 1)

Ω2
c

]
.

To obtain the stationary plane soliton solution of the
2D ZK equation Eq. (34), the following transformations
are introduced:

Z = ζ − Uτ, X = ξ, T = τ, (35)

where U is a constant speed normalized by cs.
With the transformations Eq. (35), the 2D ZK equation
Eq. (34) becomes

∂ϕ1

∂T
−U

∂ϕ1

∂Z
+ Aϕ1

∂ϕ1

∂Z
+ B

∂3ϕ1

∂Z3 + D
∂2ϕ1

∂Z∂X2 = 0. (36)

If we consider ϕ1 = ϕ0 (Z) to be a steady-state solu-
tion of the ZK equation, the above equation reduces to
the KdV equation as

−U
dϕ0

dZ
+ Aϕ0

dϕ0

dZ
+ B

d3ϕ0

dZ3 = 0. (37)

Integrating and applying the boundary conditions:
ϕ0, dϕ0/dZ , d2ϕ0/dZ2 → 0 as Z → ±∞, we obtain the
following one soliton solution:

ϕ0 (Z) =A0sech2 (Z/w) , (38)

where A0 and w are the amplitude and width of the IA
solitons propagating along the z axis, respectively, and
are given as:

A0 = 3U/A, w = 2(B/U)1/2. (39)

4. INSTABILITY ANALYSIS
To analyze the instability of the plane soliton solution of
the 2D ZK equation, we employed the small-k perturba-
tion expansion method [42, 43]. Therefore, we consider
the solution to Eq. (36), as follows:

ϕ1 = ϕ0 + ϵψ (Z) eikXeΛT , (40)

where k represents the wavenumber in the transverse
direction (i.e., x-axis), and Λ represents the instability
growth rate of IA solitons, which occurs when Re (Λ) ̸= 0.
Substituting Eq. (40) into Eq. (36) and neglecting the
second- order terms in ϵ (ϵ2), we obtain:

d
dZ

(
Ĥψ

)
= Dk2 dψ

dZ
− Λψ, (41)

where the operator Ĥ is defined by

Ĥ = B
d2

dZ2 + Aϕ0 − U.

For long wavelengths, we can expand ψ (Z) and Λ can
be expanded in terms of k as follows:

ψ = ψ0 + kψ1 + k2ψ2 + . . . , (42)

Λ = 0 + kΛ1+k2Λ2+ . . . . (43)

Substituting Eq. (42) and Eq. (43) into Eq. (41), and
equating the ascending powers of k in the resulting equa-
tion leads to a series of equations that are used to de-
termine ψ0, ψ1, . . . , and then Λ1, Λ2, . . . . For the zero-
order terms in k , we obtain the following equation:

d
dZ

(
Ĥψ0

)
= 0. (44)

To obtain a solution to Eq. (44), we return to Eq. (37),
and write it in the following form:

Ĥ
dϕ0

dZ
= 0. (45)

Differentiating the above equation, one concerning
the variable Z we get

d
dZ

(
Ĥ

dϕ0

dZ

)
= 0. (46)

Comparing Eq. (44) and Eq. (46), the solution to
Eq. (44) becomes

ψ0 =
dϕ0

dZ
. (47)

To determine the function ψ1 (Z), we check the first-
order terms in k, which yields

d
dZ

(
Ĥψ1

)
= −Λ1ψ0. (48)

By substituting ψ0 from Eq. Eq. (47) into Eq. (48), and
then integrating once with the boundary conditions: the
function ψ1 and its derivatives vanish as |Z| → ∞, we
obtain the following differential equation:

Ĥψ1 = −Λ1ψ0,

which can be written in the form

d2ψ1

dZ2 + (Aϕ0 − U)ψ1 = −Λ1ψ0. (49)

Equation Eq. (49) is an inhomogeneous second-order
differential equation: According to Eq. (37), the homoge-
neous solution to Eq. (49) becomes dϕ0/dZ . Therefore,
it is appropriate to write the solution to Eq. (49) in the
following form:

ψ1 = G (Z)
dϕ0

dZ
, (50)

where function G(Z) must be determined. By substi-
tuting the solution Eq. (50) into Eq. (49). After performing
some mathematical calculations, we finally obtain the
expression of the function G(Z) as follows:

G (Z) = −w2Λ1

8B

[
Z − wcoth

(
Z
w

) ]
. (51)

Substituting into Eq. (50), the solution of Eq. (49)
becomes
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ψ1 =
Λ1w
4B

A0sech2
(

Z
w

) [
Ztanh

(
Z
w

)
− w

]
. (52)

Now, for the second order terms in k, we obtain

d
dZ

(
Ĥψ2

)
= D

dψ0

dZ
− Λ2ψ0 − Λ1ψ1. (53)

For a solution of Eq. (53) to exist, the right-hand side
must be orthogonal to kernel ϕ0, where this kernel van-
ishes as Z → ±∞. In other words, the existence of a
solution to Eq. (53) requires the following condition to be
satisfied.

∫ +∞

−∞
ϕ0

(
D

dψ0

dZ
− Λ2ψ0 − Λ1ψ1

)
dZ = 0. (54)

Substituting ϕ0, ψ0, and ψ1 from Eq. (38), Eq. (47),
and Eq. (52), and then performing integration, we obtain

Λ1 =
2U√

15

√
D/B. (55)

Equation (55) is the first-order instability growth rate of
the soliton solution of the ZK equation in the transverse
direction, which depends on the plasma parameters via
dispersive coefficients B and D. In particular, if we take
B = D = 1, we obtain Λ1 = 2U/

√
15. This result is

quite similar to those obtained by Akhtar et al. [47].

5. NUMERICAL RESULTS AND DISCUS-
SION

In this work, we have considered an astrophysi-
cal magneto-plasma with relativistic streaming light
ions (H+), superthermality distributed electrons, and
positrons, in addition to a stationary heavy ions back-
ground (positive or negative). Employing the RPT, a
two-dimensional ZK equation was derived to investigate
the transverse instability analysis of small- amplitude
IA solitons. Using the small-k perturbation expansion
method, the first- order instability growth rate Λ1 for the
IA solitons was determined. Figures 1(a) and 1(b) de-
pict the variation in the instability growth rate Λ1with
superthermality of electrons (via κe-index) and positrons
(via κp-index), respectively, for different values of ambi-
ent magnetic field strength (via Ωc-parameter), in the
presence of positively charged heavy ions in the model.
It is clear from these figures that the instability growth
rate Λ1 decreases with increasing ambient magnetic field
strength and superthermality of electrons and positrons.
For a fixed value of Ωc, the growth rate Λ1 is unaffected
by higher values of κe or κp-index. This result was ex-
pected because the plasma model may reach its thermal
equilibrium state at higher superthermal index values (κe

and κp).
However, for lower values of κe and κp-indexes, the
growth rate Λ1 decreases rapidly with κe or κp-index.
This is because the smaller values of κe,p correspond to

Figure 1. The variation of the growth rate Λ1 versus the
superthermal parameters κe, κp for different values of Ωc in
the presence of positively charged heavy ions. (a) is plotted
with superthermal parameters of electrons κewith κp = 1.8;
and (b) with superthermal parameters of positions κp with
κe = 1.8. Other parameters are σp = 1, σ = 0.01, αp = 0.3,
β0 = 0.4, and δ = 0.5.

the furthest state from thermal equilibrium, and the kappa
(or superthermal) distribution is suitable for describing
the behavior of plasma particles. Figure 2 illustrates the
variation in the instability growth rate Λ1 as a function
of superthermal index κ for electrons and positrons in
the presence of positively charged heavy ions (dashed
line), and negatively charged heavy ions (solid line). The
figure shows that the growth rate Λ1 decreases with
increasing superthermal index κ, whether in the pres-
ence of positively or negatively charged heavy ions in
the plasma model. However, in the plasma model char-
acterized by the presence of positively charged heavy
ions, an enhancement in the growth rate is evident, in
contrast to the model involving negatively charged heavy
ions, where Λ1 decreas significantly. This behavior may
be attributed to the fact that the presence of positively
charged heavy ions in the model may contribute more ef-
fectively to the nonlinear dynamics of the plasma model,
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thereby supporting the instability of the solitons. Con-
versely, the presence of negatively charged heavy ions
tends to stabilize the system, promoting stable solitons.

Figure 2. The variation of the growth rate Λ1 versus the κ-
index of superthermal electrons and positrons, for two plasma
models: One with positive heavy ions (dashed curve) and the
other with negative heavy ions (solid curve), along with σp = 1,
σ = 0.01, αh = 0.3, β0 = 0.4, U = 0.5, Ωc = 0.1, and δ = 0.5.

Figures 3(a) and 3(b) show the variation in the insta-
bility growth rate ( Λ1 ) as a function of the relativistic
streaming parameter (β0) for different values of the con-
centration of negative (Fig.3a), and positively (Fig. 3b)
Charged heavy ions. It is found from the figures that an
increase in the β0-parameter leads to an increase in the
instability growth rate Λ1. Figure 3(a) demonstrates that
incorporating negative heavy ions into the plasma model
significantly alters the instability growth rate. Specifically,
the growth rate exhibits a gradual reduction with increas-
ing concentrations of negative heavy ions αh. In contrast,
Fig. 3(b) reveals that the inclusion of positively charged
heavy ions results in a marked increase in the instabil-
ity growth rateΛ1. The variation in the instability growth
rate Λ1 as a function of the relativistic parameter β0 is
shown in Fig. 4 for both superthermal and Maxwellian
distributions of electrons and positrons, in the presence
of positively/negatively charged heavy ions. It can be
seen from the figure that the instability growth rate Λ1

increases with β0-parameter for both electron-positron
distributions. However, at the Maxwellian limit (where
κeand κp → ∞), the effect of β0 becomes significantly
weaker. It was also observed that the growth rate Λ1

increased (decreased) in the presence of positive (nega-
tive) heavy ions.

Figure 5 depicts how the instability growth rate Λ1 is
affected by increasing the positrons concentration (via
δ-parameter) for the two plasma models (one contain-

Figure 3. The variation of the growth rate Λ1 versus the rela-
tivistic parameter β0, for different values of the concentration of
negative (a) and positive (b) heavy ions αh, along with σp = 1,
σ = 0.01, αp = 0.5, κe = κp = 1.8, U = 0.1, and Ωc = 0.1.

Figure 4. The variations of the growth rate Λ1 versus the
relativistic parameter β0 in the presence of positive/negative
heavy ions and for superthermal (κj = 2) and Maxwellian
(κj → ∞) electron-positron, with σp = 1, σ = 0.01, δ = 0.5,
αh = 0.1, U = 0.1, and Ωc = 0.1.
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ing positive heavy ions and the other containing
negative heavy ions). It is clear that the values of the
instability growth rate Λ1 are enhanced with increasing
positron concentration δ for both the models. It was also
observed that the value of Lambda1becomes lower for the
plasma model containing negatively charged heavy ions.
The impact of the ion temperature (via the σ-parameter)
on the instability growth rate Λ1 is depicted in Fig. 6
for both models. The figure shows that the growth rate
Λ1 increaseds linearly with σ. However, the values of
Λ1 decrease for the plasma model containing negatively
charged heavy ions (solid curve).

Figure 5. The variations of the growth rate Λ1 versus the
positron concentration δ, for two plasma models: One with
positive heavy ions (dashed curve) and the other with negative
heavy ions (solid curve), along with κ = 1.8, αh = 0.3, β0 = 0.4,
U = 0.5, Ωc = 0.1, and σ = 0.01

Figure 6. The variation of the growth rate Λ1 versus the
ion temperature σ, for two plasma models: One with positive
heavy ions (dashed curve) and the other with negative heavy
ions (solid curve), along with κ = 1.8, αh = 0.3, β0 = 0.4,
U = 0.5, Ωc = 0.1, and σ = 0.01

6. CONCLUSION
In this paper, we have investigated the instability of IA soli-
tons propagating in a collisionless, magnetized plasma
system composed of relativistic streaming light ions (H+),
superthermally distributed electrons and positrons, in
the presence of positive/negative heavy ion populations.
Here, the heavy ions are assumed to be stationary back-
ground due to its massive mass compare to protons or
electrons. According to the RPT, the two-dimensional
ZK equation is derived, and its planar soliton solution is
also obtained. Using the small-k perturbation expansion
method, the instability of the plan soliton solution of the
2D ZK equation was analyzed to deduced the expres-
sion for the instability growth rate Λ1. The effects of the
plasma parameters, such as the relativistic parameter
β0, magnetic field strength (via Ωc), negative/positive
heavy ion concentrations (via αh-parameter), positron
concentration (via δ-parameter), spectral index (κj), and
ion temperature ratio (via σ-parameter) on the first-order
instability growth rate Λ1 have been investigated. It has
been found that the stability of IA solitons is significantly
modified by those parameters. The results also con-
firmed that the presence of negatively charged heavy
ions in the plasma model can lead to stable solitons. The
growth rate of the instability decreased as the magnetic
field increased. The results also indicate that the stability
of IA solitons is monotonically increases as a function
of the spectral index (κ) and approaches the Maxwellian
values κj → ∞. Such plasma can be considered a sim-
plified model for astrophysical plasmas, where relativistic
streaming ions and superthermally distributed electrons
and positrons coexist with heavy ion populations.
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