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ABSTRACT
We present a complete spectral analysis of the Schrédinger operator

& pp+1) 2.2

Wt e T

on the half-line L?(0, o), perturbed by two unbounded terms: a fractional power OF with 0 < ¢ < 1, and a loga-
rithmic term -y log x. We first prove the complete spectral analysis of Oy via reduction to Laguerre’s equation, and
establish that the minimal, maximal, and Friedrichs operators coincide (the limit-point property at both endpoints).
We then prove relative boundedness of both perturbations with relative bound zero, and apply the Kato—Rellich

theorem to obtain self-adjointness of the full operator, with purely discrete spectrum.

We provide an explicit closed-form formula for the logarithmic matrix elements V,l,fng = (Ym,log x P,) in terms of
the digamma function, prove a uniform bound \Vif’f+r| < 1/(2|r|), and derive the complete second-order expan-
sion of the eigenvalues, which includes both a logarithmic term —a(logn + v — log2)/(16wH;;(n + 1)) with
ap +1/2 and an algebraic term —Ar?c(1 — o) (4wn)? =2/ (24H?2).

Next we develop a fixed-point formulation on the weighted Banach space Z),, where we prove contraction of the
operator B, (F) with constant 0.032, and obtain an exact implicit equation

Oy = -

1
E,=en +’}’Vn?1g+Fn/ F, = ch(Fn)/

with Lip(®,) < 2.95 x 107¢ and |F,| < 1.26 x 1075w. We further establish: (i) analyticity of E,(A,v) in a
neighborhood of (0,0) with radius p = min(Agap /2, w/175); (i) a rigorous second-order expansion with both
algebraic and logarithmic corrections; (iii) generalization of the composite gap to all o € (0,1).

All constants are explicit and numerically usable. The case n = 0 is treated separately due to the index constraint
s> 1.
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1. INTRODUCTION of Kato [1] and Reed—Simon [2—4], powerful tools have
been developed to study spectral stability [5, 6]. Never-
theless, two classes of perturbations still demand a finer

analysis than the general framework provides. Frac-

1.1. CONTEXT AND MOTIVATION

Spectral perturbation theory for unbounded operators

on the half-line is a cornerstone of functional analysis
and mathematical physics. Since the foundational works

tional perturbations. Operators of the form Of with
0 < ¢ < 1 arise naturally in anomalous diffusion [7],

©2026 JAST

Sana’a University Journal of Applied Sciences and Technology 2575


https://doi.org/10.59628/jast.v4i9.3539
https://portal.issn.org/resource/ISSN/2958-9568
https://journals.su.edu.ye/index.php/jast
https://journals.su.edu.ye/index.php/jast
https://journals.su.edu.ye/index.php/jast

‘ Osama A. H. AL-Dahyani and Abdu A. Alkelly.

&

fractional quantum systems [8, 9], fractional Schrédinger
equations with logarithmic nonlinearity [10—12], and ran-
dom scattering [13]. They model non-local effects whose
spectral signature is not captured by classical L? pertur-
bation theory. Recent advances include the analysis of
bound states [8], heat kernels [9], and the existence of
normalized solutions [12].

Logarithmic perturbations. Terms of the form «log x
appear in the modified Calogero—Sutherland models [14—
17], in Kolmogorov—Feller equations [18, 19], and in
the de Sitter limit of quantum field theories [20]. They
are unbounded at both endpoints of the half-line and
therefore fall outside the scope of bounded-perturbation
arguments.

Fix y > 1/2 and w > 0. The base operator is

d>  p(p+1) 2.2
Qo-gat—m  tex,

with maximal domain

x>0, (1)

D(Oy) {f € H?(0,00) : é € 12(0, ), o
f e Lz(O,oo)},

This operator combines a kinetic term, a singular
Coulomb potential u(u +1)/x? (requiring u > 1/2 for
uniqueness of the self-adjoint extension; see [21-23]),
and a harmonic confinement w?x? producing purely dis-
crete spectrum.

The full operator studied in this paper is

H(A,7)Op +AO§ +ylogx, 0<oc<1, (3)

where Of is the fractional power defined via the
spectral calculus Of fa(oo) tdE;, and the domain is
D(H)D(Oy).

We impose three hypotheses on the coupling constants
(A7)

(H1) Monotonicity. A > —Amono — [w (24 +3)]'~7 /0, en-
suring strict monotonicity of the effective energies.

(H2) Uniform gap and positivity. [A] <
Agap min(ASE, Ag=o), where
PR e ) 1
8P 40 T 00 (4w)r T

(H3) Smallness of the logarithmic coupling. |y| <
sharp
Yo w/175.

These are conservative (safety margins 1.2—1.5 relative
to sharp values), calibrated to ensure strict monotonicity
of the effective energies, the composite spectral gap, and
contraction of the fixed-point operator introduced below.

1.2. RELATION TO PREVIOUS WORK

The base operator with a single logarithmic perturbation
B In x was studied in [24] using WKB asymptotics with the

Langer correction [25, 26]. That work established self-
adjointness, purely discrete spectrum, a sharp asymp-
totic expansion, a modified Weyl law, and the associated
Green’s function.

The present paper extends [24] in three directions:

(i) We add a fractional perturbation AOF with 0 <
o<l;

(i) We replace the WKB-based analysis by a rigor-
ous fixed-point formulation based on Kato—Rellich
theory [1, 27, 28], the Schur test [29], Stein inter-
polation [30, 31], and standard self-adjoint operator
theory [2-6];
(iii) We establish analyticity of the eigenvalues in
(A7), a complete second-order expansion, and
generalization of the composite gap to all ¢ € (0,1).

1.3. MAIN RESuLTS

The paper establishes the following results, all with ex-
plicit constants.

(1) Spectral analysis of Oy. The operator O is self-
adjoint on D(Oy), has purely discrete spectrum, and its
orthonormal eigenfunctions and eigenvalues are

l/Jn(X) _ Nnxa+1/267wx2/2L£l“) (wx2),

(4)
Ap =4wn+w2u+3), n>0,

where ap +1/2 and N,/ 2w* 1n!/T(n+a +1); the
polynomials L,(f) are generalized Laguerre polynomials
[32, 33]. The limit-point property of both endpoints (in
the sense of Sturm—Liouville theory [21-23]) forces

O(r)nin =0p™ = (95 = Oy, Tess(Oo) =@, (5)

where O})E is the Friedrichs extension [34], and the Weyl
criterion [35] gives discreteness. We also use Hardy’s
inequality [36] and standard operator-theoretic results [5,
6].

(2) Relative boundedness. For every € > 0,

106 f Il < €llOof Il + Cellfll,  logx- £l
< e|Oof | + CelI£Il,

forall f € D(Oy), with explicit constants

(6)

t>Ag

C. = ,/L§,M+e2/4.

Both perturbations therefore have relative bound zero,
and the Kato—Rellich theorem [1, 27, 28] yields self-
adjointness, purely discrete spectrum, and boundedness
from below for H(A, 7).

C2 = max (0, sup (1% — €2i’2)> ,

(3) Logarithmic matrix elements. The elements

Vo8 (1py, 1og x 1p,) admit the closed form

V,ﬁg = %[‘I’(nJrochl) —logw], (7)
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m,n)+a+1)
m,n)+a+1)

log max(m, n) min(
an =
2|mfn| min(m, n)! T (max(
m#mn,
(8)
where ¥ = I /T is the digamma function [33, 37]. More-
over,

| Vl"g L

i 2” Vr#0, n+r>0. (9)

(4) Complete second-order expansion. The n-th eigen-
value admits the expansion

En = ea+ Vb +ED +0(7%),  (10)
where e, = A, + AAY, and

2 —
@ _ _Arfo(l—0)

4 (7—2_
oapz en)

11
a(logn + v —log2) ()

16wH;; (n + 1)2

+0(n* %) +0(n2).

Here Hy1 + Ac(4wn)’~1 and Hi1l+ AcAS~! = H, +
O(1/n). The first term (algebraic) vanishes when A =
0; the second (logarithmic) is present for all A and is
proportional to «.

(5) Analyticity. The function (A, ) — E,(A,7y) is ana-
lytic in a neighborhood of (0,0) with radius

. (A w
p:mm( gap,ﬁ). (12)

(6) Generalization to o € (0,1). The composite gap
w
|Dyn,r (F)| 22w|”|+5 (13)
holds uniformly in ¢ € (0,1), where Ag,p depends on o.

(7) Fixed-point formulation. Introducing the weighted
Banach space

23 {u= ()0 lull

R 7 R (14)
" (log(2+[1))2 /

the eigenvalue problem for (A, ) reduces to a contrac-
tion equation u = A, (F) + B, (F)u on Z}, with

1Bu(F)llz5 ., < 0.032. (15)

Consequently, the n-th eigenvalue satisfies the exact
implicit equation

1
En:gn+Fn:en+'YVn(r)zg+Fnz Fn:q)n(Fn)/
(16)

where g, = e, + V% and

Lip(d,) <295 x107°, |F,| <126 x 10 %w. (17)

The case n = 0 is treated separately because the index
constraint s > 1 makes all sums one-sided, but the same
constants apply.

(8) Summary of main constants. Table 1 collects the
principal constants.

Table[1]: Main explicit constants. All constants are rigorous
bounds unless stated otherwise. The safety factors are
conservative relative to sharp values.

Value / Bound

0.8607 (sharp)

5/2 = 2.5 (exact)
6697,/1800 ~ 3.7206 (exact)
IK|| (Schur norm) < V/33485/60 ~ 3.0498 Theorem 4.18
CHil (tail constant) < 2 (rigorous) Lemma 4.11

Cf (extended convolution) < 22.4 (rigorous; sharp ~ 22.2) Lemma 4.16
||Bi(F)|| (contraction) < 0.032 Proposition 4.30

Constant Location

Lemma 4.1
Theorem 4.18
Theorem 4.18

Cy (digamma difference)
C; (Schur row)
Cz (Schur column)

Cgec (decay) < 0.429|7|/cw Theorem 4.32
L, (Lipschitz) <574 %x107%/cy Lemma 4.33
[|®n ]l (consistency) <0.772|7)2/ ce Lemma 4.35
Lip(®,) <295x107° Lemma 4.36
|F,| (correction size) <1.26 x 105w Theorem 4.39
[[Ag(F)|| (n = 0 source) < 0.251|y]/cw Lemma 4.47

1.4. NOVELTY AND STRUCTURE OF THE PA-
PER

To the best of our knowledge, this is the first time that the
following are presented simultaneously for an operator
combining fractional and logarithmic perturbations with a
singular Coulomb potential:

(1) An explicit closed- form formula for the logarith-
mic matrix elements an ;

(2) A complete second-order expansion with both
algebraic and logarithmic corrections;

(3) A rigorous proof of analyticity of E,; (A, y) with
radius p = min(Agap/2,w/175);

(4) An exact fixed-point formulation with a uniform
contraction constant 0.032;

(5) Explicit numerically usable constants;

(6) Generalization of the composite gap to all o €
(0,1).

The results are consistent with recent developments in
fractional operators [38] and extend the analysis of [8,
11, 12]. A detailed comparison with the modern literature
[39—49] is given in Section 5.

Structure of the paper. Section 2 establishes the spec-
tral setup of Op: full spectral analysis via Laguerre’s
equation, closedness of the quadratic form, the limit-
point property, and the equality of minimal, maximal,
Friedrichs, and original operators. Section 3 proves rel-
ative boundedness of both perturbations, derives the
closed-form matrix elements together with their uniform
bound, and establishes the complete second-order ex-
pansion. Section 4 develops the convolution operator,
the Schur test, Stein interpolation, the Extended Con-
volution Lemma, and the fixed-point formulation, with a
separate treatment of the case n = 0. Section 5 dis-
cusses the results, compares with the literature, and lists
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open questions. Appendix A collects the constants and
supplementary tables.

1.5. NOTATION

Throughout, log denotes the natural logarithm; ¥ = I /T
is the digamma function; ¢ is the Euler—-Mascheroni
constant; and C denotes a generic positive constant
whose value may change from line to line. The operators
0o, OF, and H are defined in Eq. (1), Definition 2.6, and
Eq. (3); the eigenfunctions and eigenvalues of Oy are ¢,
and A,; the unperturbed, effective, and exact energies
are ey, gn, and E,; and o (+), oess(+) denote the spectrum
and essential spectrum. We use the working constants
cw2w and Rw/2.

2. SPECTRAL SETUP
Conventions for this section.

» Self-containedness. Every result used in this sec-
tion is either proven here completely, or cited from
standard classical literature.

» Constants. All explicit constants are rigorous
bounds unless stated otherwise. The classification
is as follows:

— Exact/sharp values: Cy = 0.8607 (sharp for-
mula), C; =5/2, C; = 6697/1800.

— Rigorous bounds: | K| < +/33485/60 ~ 3.0498,
Cil = 2 (Lemma 4.11), C¥ < 224 (Lemma
4.16).

— Working bounds: All constants derived from the
fixed-point structure (|| B, (F) ||, Cgec> Lus ||Pr||oos
Lip(®y), |El, Eﬁ,z)) inherit the conservatism of
cs.

« Table notation. In tables, the symbols | - |, || - ||, and
[-] are used instead of the raw symbols.

» Convention on na. Two definitions are used:
nEP [2a] in Lemma 3.12, and n<A4) max ([4a], [3(1+
«)]) in Lemma 3.15. When no ambiguity arises, we
write n > np.

» General notation. log denotes the natural loga-
rithm; ¥YI'/T the digamma function; g the Euler—
Mascheroni constant; ay + 1/2 the shifted exponent;
C a generic positive constant that may change from
line to line. We use the working constants c.,2w and
Rw/2.

2.1. THE FuLL OPERATOR AND HYPOTHE-
SES

2.1.1. The Base Operator
Definition 2.1 (Base operator) Lety > 1/2 and w >
0. On the Hilbert space L?(0, ) with inner product

(g [ Fgtd (18)

define the base operator

d? +1

s +w?x?, x>0 (19)

Definition 2.2 (Operator domain) The domain of Oy is

D(Op) {f € H?(0,00) : é € L2(0,00), 20)

2f e LZ(O,oo)} .

Remark 2.3 (Justification of the domain) The  set
D(Oy) in Eq. (20) is the correct maximal domain on
which Oy f € L?(0,0). Indeed, for f € D(Oy):

(1) —f" € L? because f € H?;

(2) u(p+1)f/x* € L2(0,00) if and only if f/x* €
L%(0,0), because u(u + 1) is a positive constant;
(3) w?x*f € L*(0,00) if and only if x2f € 12(0,00),
because w? is a positive constant.

Hence the sum of the three terms lies in L2, so Oyf €
L%(0,00). The converse direction — that D(Oy) contains
all f for which the Sturm—Liouville expression Oy f lies
in L? (distributionally) — is established in Theorem 2.30
below.

Counterexample. The weaker conditions xf € L? and
f/x € L? do not suffice. Take fy(x)xe . We verify:

* fo € H?(0,00): indeed fl(x) = (1 —x)e™*, fi/ (x) =
(x —2)e™*, and each lies in L*(0, ),

« xfo(x) = x%%, and [;° x*e™* dx < o0, 50 xfy €
12;

* folx)/x=e"* and [;° e > dx < o0, 50 fo/x € L?.

However fo(x)/x* = e~ /x, and

1 672x
/0 % dx = oo, (21)

since e=2* > ¢~2 on (0,1] and fol x~2dx = oo. Hence
fo/x* ¢ L? and fy & D(Op).

Remark 2.4 (Necessity of u > 1/2) We show that y >
1/2 is necessary for the Frobenius branch compatible
with the domain condition Eq. (20). The argument is
a self-contained analysis of the equation —f" + u(u +
1)f/x* + w?x*f = h near x = 0", and does not use any
result from later in this section.

Frobenius analysis at x = 0. We look for solutions
of the homogeneous equation —f" + u(u +1)f/x* +
w?x>f = 0 of the form f(x) = Cx* +O(x**1) as x —
0T, with C # 0 and s € R. Substituting and retaining
the leading-order terms (of order x°~2), the lower-order
terms w?x>f = O(x**2) are negligible, and we obtain
the indicial equation

2

—s(s—=1)+uu+1)=0 < s*—s—u(p+1)=0.

(22)
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The discriminant is 1+ 4u(u +1) = (2u + 1)2, so the
roots are
14 (2u+1)

S12 = > , SO sy=u+1, sp=—p. (23)
L?-local condition. A function x° lies in L(0,¢€) if and

only if
€
/ X dx < oo = 25> —1 <= s> —1/2. (24)
Jo
Since u > 1/2, we have:

e sy =u+1>3/2>—1/2: always in L*(0,¢);
« 5o =—u < —1/2:notinL*(0,¢€).

Hence exactly one of the two linearly independent Frobe-
nius solutions lies in L2(0,€), namely the one associated
with s; = y + 1. The L*-admissible branch has leading
behaviour x#+1.

The domain condition. The companion integral
Jo |x* 712 dx =[5 x*~2dx converges if and only if
2u—2 > —1 <= u > 1/2. Therefore the domain
condition f/x* € L? is compatible with the leading be-
haviour of the L?-admissible branch if and only ify > 1/2.
This confirms that the threshold u > 1/2 in Definitions

2.1-2.2 is sharp for that purpose.

The two borderline cases.

Aty =1/2. Hereaw =1, so f/x> ~ Cx~'/2 for the L2-
admissible branch and [y |f/x*>dx ~ [; x 1dx = oco.
Nevertheless, the endpoint x = 0 remains of limit-point
type (since 2u = 1 and [y |x #[>dx = [§ x 1dx = o0),
S0 no additional boundary condition is required to select
a self-adjoint extension. The actual obstruction is that the
domain condition f /x> € L* excludes the eigenfunctions.
The correct remedy is to relax the domain condition to
a wider space (such as D(OF**), which contains all {,,
because Oy, = Anpy € L?). See Remark 2.32 for
details.

At u < 1/2. The endpoint x = 0 is of limit-circle type
(since 2u < 1 and [; x~2#dx < oo) and an additional
boundary condition is required to select a self-adjoint
extension. This is essentially different from the case
u=1/2.

Both borderline cases lie outside the scope of the present
paper.

Remark 2.5 (Inclusion of n = 0) All main results are
stated for alln > 0. Three exceptions apply atn = 0:

(1) Ansatz and fixed-point equation. Stated sep-
arately (Section 4.4) because the index constraint
n+s >0 forcess > 1 atn = 0, making the sums

one-sided.
(2) Second-order correction formula. The formula
involving H, requires n > 1, since H, = 1+

Ao (4wn)?~ (see Definition 3.20) diverges atn = 0
when A # 0 (as o — 1 < 0 implies (4wn)° =1 — o).

When A = 0, we have H,, = 1 for alln > 0, and no
divergence occurs.

(3) Definition of H,. Excluded atn =0 when A # 0
(Remark 3.21).

Note on constants. Most constants are identical forn = 0
and n > 1: the contraction constant || B, (F)|| < 0.032,
the decay constant Cgqe. < 0.429|7|/cw, and the consis-
tency bound ||®, |« < 0.772|v|?/c,. Three constants
differ:

« the Lipschitz constant L, = 5.74 x 10~%/c,, forn >
1 versus LY = 6.7 x 1074 /¢, forn = 0:

« the derived Lipschitz constant Lip(®,) < 2.95 x
1076 for n > 1 versus Lip(®g) < 3.45 x 107° for
n=20;

« the source bound || A, (F)|| < 0.415|y|/c, forn > 1
versus || Ag(F)|| < 0.251|7|/cw forn = 0.

See Lemma 4.33 and Remark 4.51 for the first two, and
Lemma 4.47 for the third.

The three exceptions (1)—(3) listed at the beginning of
this remark concern the form of the equations, not the
values of the main constants.

2.1.2. Dimensional Analysis

Fix a reference length xy > 0 and interpret the logarith-
mic potential as log(x/xp). Under the scaling x — xu:

_ 2
0 = 1 _i+ p(p+1) 2.4 2 (25)

+ wxqu-| .
x3 | du? 12 0

Under the substitution, £ = x; 4. Hence:

2 2
LA Py AR08

dx2

p(p+1)

0 g2’ x2 0 W

w?x? — xazwzxguz.

This yields the stated formula.

Eigenvalues. Ay(w) = xy?An(wx3). The spectrum
changes with w, but its structure (discreteness, orthogo-
nality) is preserved.

Logarithmic potential. log(x/xy) = logx — log xo.
Adding ylog(x/xp) to H is equivalent to adding -y log x
and shifting all eigenvalues by —v log xo.

Conclusion. Without loss of generality, we set xo = 1.

2.1.3. The Full Operator

Definition 2.6 (Fractional power) For0 < o < 1, the
fractional power O is defined by the spectral calculus

oy / ¥ dE,, 26
O Joory T (26)

where E; is the spectral measure of Oy. The operator
Of is positive, self-adjoint, commutes with Oy, and has
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eigenvalues AY,. Its domain is

D(OF) {f € 12(0,0) : /w[)) 20

d|EfI? < oo}

(27)

The spectral-calculus definition does not require an ex-
plicit eigenbasis. After Theorem 2.13, it is equivalent
to

D(0g) = {f =Y cnpp € L2:Y A |en|* < oo}.
n n
(28)
Since A, > Ay > 0 and o < 1, we have A% <
Aé(”_l)A%, hence D(0Oy) C D(OF).

Definition 2.7 (Full operator) The full operator studied
in this paper is

‘H()\,'y)(’)o +AO§ +logx, O<o<1,| (29)

where A € R is the fractional coupling constant, v € R
is the logarithmic coupling constant, and the domain is
provisionally chosen as D(H)D(Oy). This is justified
as follows: (i) Proposition 3.5 verifies that H is self-
adjoint on this domain; (ii) Theorem 2.30 below shows
that D(Qy) is the unique self-adjoint domain for Q.

Domain of log x. Define

D(log x) {f € 12(0,00) : logx - f € Lz(O,oo)}. (30)

This is a self-adjoint domain because log x is a real, mea-
surable function (multiplication operator). By Theorem
3.3, we have D(Oy) C D(logx).

2.1.4. Hypotheses on the Coupling Constants

We impose three sets of conditions on (A, 7).

(H1) Monotonicity. For strict monotonicity of the se-
quence e, A, + AAY in n:

w2y +3)

A > —Amono — (31)

(H2) Uniform gap and positivity. We introduce two
thresholds:

- . i [w(2p +3)]'7

(H2a) Uniform gap: |A| < A;ipT,
o _ 1
(H2b) POS|t|V|ty Of Hn. |)\| S AG>OW

(32)

The unified threshold is Agap min(ASSE, Ag=o)-

(H3) Smallness of the logarithmic coupling. We intro-

duce two thresholds:

. . 2
(H3a) Basic contraction: |y| < ygl’% ~ 0.0114 w,

FP
N sharp Y
(H3b) Sharp contraction: [y| < g7 -2~ =

2
w

(33)

Roles of the two thresholds. ~{" is used in Proposition
3.5 (self-adjointness via Kato—Rellich), while 'ygharp is
used in Sections 4.3—4.4 (fixed-point contraction). The
factor 1/2 is a safety margin for the fixed-point formula-

tion.

Relation between (H1) and (H2a). Since ARf =
Amono/4 and Agap < A??;llg,
Amono
Agap S 4 S Am0n0~ (34)

Hence (H2) implies (H1) on both sides, and the effective
range for A is —Agap < A < Agap.

Definition 2.8 (Global threshold A*)

A* ) eif}fl) AEE(0). (35)

This threshold is stated for completeness. lts explicit
value, with Bw(2u + 3), is

o s B>el, (36)
—BelogB/4, 0<B< e L.

The derivation is given at the end of this subsection.

Relation to Agap. A* is a global threshold (independent
of 7), while Agap () depends on o. The unified domain
for applying all results is |A| < min(A*/2, Agap/2); Se€
Remark 2.12.

Remark 2.9 (Intersection ji.) The two thresholds A;‘;‘{,
and Ag~ coincide when

[w(@pu+3)]17 1
4o - 20(4w) 1 (37)
Solution. Multiply both sides by 40 (4w)°1:
[w(2u+3)] 7 (4w)" ! = 2. (38)

Using w'="w’ 1 =1 and 471 = 22(c-1):

Qu+3)17. 2200 —2 — (2u+3)17 =232,
(39)
Raising both sides to the power 1/ (1 — o), and writing
B3-20)/(1—0)=2+1/(1-0):

2 +3=22.21/01-0) —4.pl/(1-0), (40)

Hence

4.21/(1=0) _3
o5 (41)

Two cases.
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* Foryu < p.: (H2a) dominates, i.e. Agap = A;‘;}}f,.

* Foru > u.: (H2b) dominates, i.e. Agap = Ag>0-

Atc=1/2:pu,=(4-4-3)/2=13/2=65.

Remark 2.10 (Second  threshold) There is a second
threshold

gp___ Y 05288
T log3 “r

ensuring the composite gap (Lemma 4.24). Here Cy =
0.8607 is the explicit constant from Lemma 4.1.

(42)

Numerical check.

Yo 1 1 _
w  2Cylog3  2-0.86071.0986 43)
TaorT ~ 0-5288.
Since 7" /v = (w/175)/(0.5288w) ~ 1/92.5, the

controlling threshold is 'ygharp.

Remark 2.12 (Unified recommended domain for 1)
For a reader wishing to apply all results simultaneously:

A* Aga
Al <min( =, 5% ). 45
Al < min( %, 2 ) (45)
The detailed domains are given in Table 2.
Table[2]: Required domain on |A| for each result.
Result Required
domain on
Al
Proposition 3.5 (self-adjointness) Agap
Theorem 3.1 (relative boundedness of Of)  Agap
Sections 4.3—4.4 (fixed point) Agap/2
: . _ 1f
Interpretation.  /f u < pel Agap = Afgeap, so the

minimum is A*/2. If u > uc.: it may happen that
N*/2 > Ngap/2, S0 the minimum is Agap/2. The do-
main min(A* /2, Agap /2) satisfies all conditions simulta-

Remark 2.11 (Failure of the global thresholds chain for y geﬁgsly.

The thresholds A* and Agap (o) min(AsSE (o), Ag=o(0))

are used in different contexts. One naturally expects the
chain

self
AT Agap(9) < pself

y = 2 gap ((7) : (44)

This chain is valid because A* < Asi(c) for every
€ (0,1), by definition of A* as an infimum. However,

the chain does not extend to Agap () when p > pic.

Explicit numerical example. Take w = 1073 and u = 100.

« Bw(2u+3) = 1073203 = 0.203.

« ¢! ~ 0.3679. Since B = 0.203 < ¢~ !, we have
A* = —Belog B/4. Compute: log B = log0.203 ~
—1.5946. Hence A* =~ 0.220, and A*/2 =~ 0.110.

* Ag>o attains its minimum at o, = —1/log(4w) ~
0.1811. At = 0%: Agso(0%) ~ 0.0300, AR (o) ~

0.374, Agap(0x) = min(0.374,0.030) = 0.030.

Hence A* /2 ~ 0.110 > 0.030 = Agap (0% ), and the chain
fails.

Why this does not affect any result.

« A* appears only in the definition above; it is not
used in the main results.

* Agap appears only in the hypothesis of Proposition
3.5.

» The sharp hypotheses in Sections 4.3—4.4 require
Al < Agap/2.

 No single result in the paper requires |A| < A*/2
together with |A| < Agap /2.

Important clarification. The statement “no single result
requires both conditions together” does not mean that
both are unnecessary. A reader wishing to apply all re-
sults simultaneously needs both, and the unified domain
is |A| < min(A*/2, Agap/2).

2.1.5. Dependence of the Constants on w
Convention. In the table below, dependence on w is
assessed with |y| and A fixed. The column “Explicit value’
gives the formula when |y| = w/175 (sharp value).

Key remark. Constants derived from the fixed-point struc-
ture (||B,||, Lip(®,)) are independent of w thanks to the
calibration 7™ = w /175, while constants derived from
the 9ap (|| Anll, Caecs Lu, | ®nl«) scale inversely with w.

Derivation of Eq. (36). Define f(c)B'~7/(4c). Then

log f(0) = (1 —0)logB —log(40), (46)
whose derivative is
d 1
%logf(a) = —logB—E. (47)

The unique critical point is o, = —1/ log B. It lies in (0,1)
if and only if log B < —1, i.e. B < e~!. At this point,
BB %
40, 4o,

Bl*(T,;

A* = flo) = (48)

Since B~% = ¢~ %188 — ¢l — ¢ (because o.logB =
—1), we obtain

AF = Be _ Be- (—log B) _ _ BelogB

40, 4 4

(49)

For B > ¢!, f is decreasing on (0,1), and its minimum
is attainedas ¢ — 17: f(17) = BY/4 = 1/4.

2.2. SPECTRUM AND EIGENFUNCTIONS OF
THE BASE OPERATOR

2.2.1. Spectral Analysis

Theorem 2.13 (Spectral analysis of Oy) The opera-
tor Oy is self-adjoint on D(Qy), has purely discrete spec-
trum, and its orthonormal eigenfunctions and eigenval-
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Table[3]: Dependence of the constants on w (with |y| = w/175). Constants are grouped by category: basic constants, gap

thresholds, logarithmic thresholds, Schur constants, convolution constants, and fixed-point constants.

Constant

Scaling in w

Explicit value

Basic constants (notational shortcuts)

Cw Linear 2w

R Linear w/2

Gap thresholds

A w7 [w(2p +3)]'"/ (40)
Ac=o w1 1/[20(4w)” ]

A Function of B = w(2u+3) 1/4if B >e¢~!; —BelogB/4if0 < B <e™!
Logarithmic thresholds

yEP Linear 2w /175

73harp Linear w/175

2§ Linear w/(2Cy log3) = 0.5288 w
Schur constants

Cy (digamma difference) Independent 0.8607

C1 (Schur row) Independent 5/2=25

C, (Schur column) Independent 6697 /1800 ~ 3.7206

My = M, = ||K|| (Schur norm)  Independent < +/33485/60 ~ 3.0498
Convolution constants

Cgaﬂ (tail constant) Independent 2

Cf (extended convolution) Independent < 22.4 (rigorous sharp =~ 22.2)
S, (logarithmic sum) Independent < 1.80

Fixed-point constants (n > 1)

144 (F)|, (source) o Jy]/w < 0.415]7]/ (2w)

|IB,(F)|| (contraction) Independent <0.032

Cgec (decay) o |y|/w <0.429]7]/(2w)

L, (Lipschitz) «1/w 5.74 x 1074/ (2w)

|®, | (consistency) |72/ w <0.772|v)?/ (2w)
Lip(®,) Independent <295 x107°

|F,| (correction size) & w <126 x 1075w
Fixed-point constants (n = 0)

140(F) ||, (source) o |7]/w < 0.251]y]/ (2w)

|IBo(F)|| (contraction) Independent <0.032

LY (Lipschitz) x1/w 6.7 x 1074/ (2w)

Lip(®y) Independent <345 x107°

|Fo| (correction size) «w <1.26 x 1072w
Higher-order corrections

2E?) (2nd order) 72/ w <0.1729%/w

73E,S3) (3rd order) o )3/ w? < 0.53|7[3/w? (not recomputed)

ues are

Pulx) =Nt 2e 0P 20 (0?),
Ap =4wn+w(2u+3), n>0,

where Nyy\/2w0 In! /T (n + o +1).

We proceed in five steps.

(1) Self-adjointness. We record the self-adjointness of
the maximal operator OF*** associated with the Sturm—
Liouville expression Eq. (19). This is the standard con-
clusion of Weyl-Titchmarsh theory for a Sturm—Liouville
operator on a half-line with two limit-point endpoints (see,

e.g., [21], [23]): at x = 0T, the indicial equation Eq. (22)
has roots sy = p+1and sy = —p, and since y > 1/2
the singular solution x~* is not in L2(0,¢); at x = oo,
the potential w?x*> — o forces a limit-point endpoint. A
self-contained verification of both limit-point endpoints
is given in Lemma 2.25 below. By the Weyl-Titchmarsh
theorem, the maximal operator OF*®* is self-adjoint, and
it is the unique self-adjoint extension of Ag = Op|ce(0,00)-
A proof that the domain D () of Definition 2.2 coincides
with D(OF?) is given in Theorem 2.30 below; the com-
bination of the two results then shows that Oy on D(Oy)
is self-adjoint. To avoid any appearance of circularity, we
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emphasize that Steps 2-5 of the present theorem are
purely constructive (Laguerre reduction, normalization,
completeness) and do not rely on self-adjointness.

(2) Reduction to Laguerre’s equation. We present the
full derivation in five steps. Set ywx? and write

Pp(x) = x2E(x)o(y),
Note that dy/dx = 2wx, hence d/dx = 2wx - d/dy.

E(x)e“*/2. (51)

Step 1 (first derivative). By the product and chain rules,

d dE dv
rey @ at1/2 at+1/295 at1/2p 20
1p(x)fdx[x JEv+ x T de.
(52)
We compute each term separately:
d
dx [xa+l/2] (IX +1 ) a— 1/2’,
dj _ i —wx?/27 _ o —wx?/2 _ o .
I dx e ] = —wxe = —wxE;
dv  dv dy ,
dx T dy dx 2wxv' (y)
Substituting into Eq. (52):
¥/ (x) =(a + H)x*"V2E0 — wx - x*1/2Ep
(53)
+ x*t12E  20x0 .
Since y = wx?:
¢ (x) = x*"1/2E {(oHr %)vfvarZyU’} . (54)
Step 2 (second derivative). Write ¢'(x) = g(x)h(x),
where
$x 2 HE(RG(), 55
G(y)(a+ 7)o —yo +2y0'.
Then ¢”(x) = ¢'(x)h(x) + g(x)H (x). We compute:
g (x) = (a — HHxv %% (56)
dE G
! - - = —
H(x)= I G+E Ix wxEG +2wxEGy, (57)

where G,dG/dy.

Step 3 (explicit expansion of G, and ¢ ). We compute
Gy by differentiating each term of G:

_d 1 !
Gy—@[(tx—i—z)v—yv—kav}
=(a+ 10 — (v+yo) + (20" +2y0")
=(a+ 1o —o—yv' +20 +2y0”
(

=(a+1+2)0 —yo' —v+2y0".

(58)

Sincea+ i +2=a+3:

Gy=(a+3—y)v —v+2y0". (59)

(60)

gl =x*"V2E[~wxG + 2wxGy| =
wx*V2E[—G 4 2Gy).

Factoring out x*—3/2E:

(61)

¥ (x) = x*3/2E [(zx - DG+ w (-G + 2Gy)} . (62)
Since wx? = y, we have wx*(—G +2G,) = —yG +
2yGy. Hence

9'(x) =B [ § - y)G+20G,| . (69)

We now substitute G and G, and collect by powers of v,
ZJ ZJ

(3a) Contr/but/on of (a —
yu+2yv'. Then

—y)G. Recall G = (a + )o—

(=3 -y)G=(a—3—ylla+)o—yo+2y0']. (64)

We expand term by term:
Forv from (a + )v:

(0= 3)(a+ ) —yla+ 3)o=

Forv from —yv:

(02 = Lo —y(a + o

—y(a — %)v + 2.
Forv' from2yv':
2y~ o' — 27/
Summing all v-terms:
coeffy = (@ — 1) —y(a+ ) —yla — ) +9°
=@~ 1) —ylla+z)+@—3)]+y* (69)
= (o =) — 2ay + .

Coefficient of v': 2y(a — §) — 2y/>.
(3b) Contribution of 2yG,. Recall G, = (« + 3 —y)v' —
v+ 2yv”. Then:

2y (a+ 3 —y)o' =2y(a+3)0 — 2%
2y - (—v) = —2yv;
2y - 2y0" = 4y?0".
(3c) Total coefficient. Combining (3a) and (3b):
coeff,n = 4y2,
coeffy = 2y(n — 5) = 2y% +2y(a + 3) =2
=2yf(a—3) + (a +3)] — 4
=2y(2a +2) — 4y? (66)
=dy(a+1) — 4> =4y(a +1—y),
coeffy = (a® — 1) — 2ay + % — 2y
= (@ —}) =20+ 1y +y’
Hence
' (x) = x*3/2E [4y2 o +ay(a+1—y)v'+
(67)

(-1

Step 4 (substitution in the eigenvalue equation). The

—2a+1)y+y?) 0
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Hence A, = 4wn + w(2u + 3).

Existence of solutions. Since « = p+1/2 >1 > -1
(because p > 1/2), the conditions for existence of L,([¥>
are satisfied.

(3) Normalization. We use the orthogonality relation for

‘ Osama A. H. AL-Dahyani and Abdu A. Alkelly. %
eigenvalue equation is generalized Laguerre polynomials:
2_1/4 0 _ IT'n4+a+1
"+ {% +w2x2} p=rp @ [ e ma =", )
where we used p(pu +1) = «%? —1/4. First, we compute Verification of the normalization constant. We compute
the potential term: [9nll? = [ [pn(x)[*dx. Under y = wx?:
2 _
e T a0 = NB(y/w) 120 (L)% (80)
X (69) Si dx = Lo—1/2y-1/24 h
w2x4v} _ xleg/zE[(az . 1/4)U+y20], INCe ax = jw y Y, we have
2 _
since w?x* = (wx?)? = y2. Also lul” =
(o] o 1 -~ -~
Ap = x*32E . (A/w)y, (70) an/o (y/w) /2y (L (y))2 - yw 2y 2 ay
since qu — A-x”‘+1/2EU _ x"‘_3/2E-A(x2/w)v = _ n w 1/ y y(L )) d_l/
x*32E - (A/w)yo.
Substituting Eq. (67), Eq. (69), and Eq. (70) into Eq. (68): = %w’“’l W
2, / 21 ' (81)
+4y(a+1—-y)v' + ((a° — 7)— .
{ yro Ay y)o +( j‘) (71) Setting ||1, |2 = 1:
2a+1)y + o] + (@2 = Do+ yPo = “yo. N2 2w &)
" Tl o 1)/
We simplify by combining the v-terms: T(n+a+1)
and hence
LHS, = —[(a® — ) = 2(a + 1)y +y*] + (&® — §)
a+14,1
+y = (= D +2(a+ 1)y -y (72) N, = e (83)
5 I(n+a+1)
+ (a” — Z) v? =2(a+1)y.
Hence the full equation becomes
A (4) Completeness. We prove it in four steps.
—47" —dy(a +1—y)o' +2(a+1)yo = LA (73) (4a) Compactness of the resolvent. The potential
We divide by —4y (for y > 0): V(x) — 4co at both_ endpoilnt.s. This is i[he Rellich prop-
erty for operators with confining potentials: the embed-
v + (a+1—y)o' — (“Jrl)v = _iv‘ (74) ding D(q0) — L? is compact (see Remark 2.18 and
2 4w the quadratic form defined in Eq. (91) for the precise
Equivalently, moving the v-term to the right: meaning of D(g)).
. N —1
o' (y) + (a + 1 — )0 (y)+ (4b) Discrete spectrum. From (4a), (Og + i) |§ com-
A a+l (75) pact. By the spectral theorem, the spectrum consists of
[E - v(y) = 0. discrete eigenvalues A, with eigenfunctions ,,.
(4c) Orthogonality. The family {¢, },>0 is orthonormal
Step 5 (identification with Laguerre’s equation). La- by Eq. (79).
guerre’s equation is (4d) Completeness. Assume f ¢ L? satisfies (f, ) = 0
nglM//(y) +(a+1- y)L,(f‘)'(y) + anf‘) (y) =0, (76) forl every n > 0. Under the substitult.ion y = wx?, the
pairing (f, ¥,) becomes (up to a positive constant)
with polynomial solutions L) of degree n for n € Z
and « > —1. Comparing Eq. (75) with Eq. (76) term by / fly y)y*e Vdy, (84)
term:
_ A _avl A 243 ) where
Cdo 2 A 4 FOf((y/w) 2y o/2 142, (85)
From n = A/(4w) — (21 +3)/4, we solve for A: We verify that f € L2((0, ), y*e~¥dy) by direct compu-
A =4dwn+w2u+3). (78) tation:

/ Fy)Pyte ™ dy
—/ (y/w)2) Py~ "1 2 ye vy (86)
/ (/@) /)Py~ 2 dy.

Substituting u = (y/w)'/?, so y = wu?

and dy =
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2wudu:

Eq. (86) — /Ow £ () 2 (w0i?) "2 - 2c0u du

— 20/ /°° |F () P dut = 26012 |2 < oo,
' (®7)
By assumption, f is orthogonal to every L. By
completeness of generalized Laguerre polynomials in
L%((0,00),y*e Ydy) for « > —1, we have f = 0 a.e.
Hence f =0 a.e., and {¢y, },>0 is complete.

(5) No other eigenvalues. Since {1, },>¢ is a complete
orthonormal basis and Oy is self-adjoint, the spectral
theorem gives the representation

=2 An(s u)n, (88)
n>0
so0(Oy) = {A,:n >0} = {A,

there are no other eigenvalues.

:n > 0}. In particular,

Lemma 2.14 (Compactness of the resolvent) The
resolvent (O + i)~ is compact on L*(0, ).

In the orthonormal basis {¢,, },>¢ obtained in Theorem
2.13, the resolvent acts diagonally:

(o +1) " "pn = (Au+1)""pn. (89)
The singular values are

g 1
| An + 1| 1=

A2+ 1
Since A,, — +oc0 as n — oo, we have ¢, — 0. By the
characterization of singular values of compact operators,
(Op + i)~ is compact.

(90)

Corollary 2.15 (Absence of essential spectrum)
O'ess(oo) =Q.

By Lemma 2.14, the resolvent is compact. For a self-
adjoint operator, compactness of the resolvent at a point
z ¢ 0(Oy) is equivalent to 0egs(Og) = @.

Remark 2.16 The lowest eigenvalue is Ay = w(2u +
3) >0.

2.2.2. Quadratic Form and Interpolation Inequality
The quadratic form. Define

wih) [ [P+ B R 22U, o)
with domain
Do) {f € L3(0,00) : f' € 12,

(92)

f/xel? xfe Lz}.
Lemma 2.17 (Closedness of q0) The quadratic form
qgo s non-negative and closed on D(q¢), and densely
defined: C°(0,0) is dense in D(qo) with respect to the
form norm.

Non-negativity. qo(f) = [y (|f'|* + V|f]*)dx > 0.
Closedness. Equip D(qo) with the form norm

£ 11570 () + L£11Z2- (93)
We write
D(q0) = Hy N Hy N Hs, (94)
where
HHY(0,00), Ho{f € L?:f/xelL?},

H3{f € L?: xf € L?}. (99)

Each is a Hilbert space with the natural graph norm:

AR I+ A2 AR N 722+ 112,
L I 12 + 1L £112-

The maps f — (f,f/x) and f — (f,xf) are linear
isometries from H,, H3 onto closed subspaces of L2 x
I2. Indeed, [®2(f)[12,, 2 = IFI2 + £/ = lIfI%,
and closedness of ®,(H;) follows from: a convergent
sequence f, — f in L? with f,/x — g in L? forces
= f/x distributionally, hence f € H,. The same
argument applies to 5.
Since u(p +1) > 0 and w? > 0, the form norm and the
intersection norm

A G A2+ 02+ ILF /02 + Dl f 1P (97)

are equivalent:

c— Hmet < ”f”qg = C+||f||1nt' (98)

with c— min(1, u(p + 1), w?) > 0 and c4 max(1, u(p +
1),w?) < oo. This proves that D(go) is complete with
respect to || - [|4,, SO go is closed.

Density. We show that C°(0, c0) is dense in D(qp).

(i) Truncation. For every small ¢ > 0 and large N > 1,
choose xen € C(0,00) With 0 < xen < 1, xen =1
on [e,N], [x. | < K/eon (0,€), and [x_ | < K/N on
(N, ), where K > 0 is a universal constant (indepen-
dent of € and N). Set fo nxenf- Then fen — finD(qo)
ase — 07, N — oo, by dominated convergence applied
to |£I2 [f'|% |f/x|? x*|f|?. Indeed, for the small-x contri-
bution we have: on (0,¢), x < e implies x> < €, hence
1/x* > 1/¢€?, and therefore

€ K2 e
| P < 5 [P < K2
I
/ ‘f| dx e%OJr
0

since f/x € L2(0,00). The large-x contribution vanishes
by a similar argument using xf € L?(N, o).

(i) Molliification. Let ps; be a standard mollifier. Since
fe,Nn has compact support in [e/2,2N], the convolution
feNsPs * fen lies in C(0,00) for § < e/4 (its support
is contained in [e/4,2N + 4], compact in (0,c0)). By
standard mollification properties, f. N5 — fe,n in D(q0)
asé — 0.

(99)
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Remark 2.18 (Friedrichs extension) By the Friedrichs
extension theorem, since qq is a densely defined, closed,
lower-semibounded quadratic form on L*(0,c0), it ad-
mits a unique self-adjoint operator Of with D(Ok) C
D(q0) and qo(f,g) = (OFf,g) for every f € D(Of),
8 € D(qo)-

Extension check. Integration by parts on C°(0, o0) shows
90(¢,8) = (Oog, g) for every ¢ € C°(0,0), g € D(qo)-
By the Friedrichs construction, ¢ € D(Ok) and OF¢ =
0047 = AQ(P. Hence Og D) AQOQ|C30<O,OO).

The exact identification of OF with Oy (that is, OF =
Oy including domains) is given in Theorem 2.30 below,
where Corollary 2.26(ii) is used.

Lemma 2.19 (Minimum of the potential) The poten-
tial V(x)u(p +1)/x% + w?x?* attains its minimum at
X [p(p +1)/w?)V4, with

Col‘;’l>il(‘)1V(x) =2wr\/pu(p+1). (100)

Consequently, qo(f) > col| f|*.

We compute V’(x) = —2u(u +1)/x% + 2w?x. Setting
V'(x) = 0:

oty A e ket
x3 w?
p+ D
w?

(101)
The second derivative is V" (x) = 6u(u+1)/x* +2w? >
0, SO x. is a strict global minimum.
We compute V(x.). First, x2 = [u(u+1)/w?V? =

VHi(p +1)/w. Hence:
P‘(P‘xi‘g"l) :#(M+1)'W/\/m:‘”m;

w2 = w?- Vi(p+1)/w=wy/u(p+1).

Sum: 2w+/u(p +1). Since V(x) — +oo at both end-
points, x. is the global minimum.

Lemma 2.20 (Interpolation inequality) For every e >
0 there exists Cc > 0 such that

90(f) < €| Oof* + Cell fI1%

Moreover, withC = 1:
q0(f) < 1Ol £1]- (103)

In the eigenbasis f = Y, ¢, (Which is available by
Theorem 2.13):

qo(f) = ZAH|CH|21 HOOsz = 2A31|Cn|2/
n n
A7 =Y leal

n

VfeD(Op). (102)

(104)

For each n > 0, the inequality A, < eA2 + C. holds
with C.1/(4¢), because the discriminant of et? — t + Ce

vanishes: A = 1 —4e-1/(4€) = 0. Hence et? — t 4+ C¢ >
0 for all t. Summing:

q0(f) = ZAn|Cn|2 < Z(‘?A% + Ce)lenl* =

e Oof I + CelIfII.

For the second inequality, use Cauchy—Schwarz:

(105)

1/2
q0(f) = (Oof, f) = ZAn|Cn|2 < (ZA,%|C,1|2>

1/2
(Z|Cn|2> = [1OofIII£1I-

(106)

Remark 2.21 (Hardy’s inequality) The classical Hardy
inequality on the half-line states:

o 2 0
/ &I 4, 34/ F'(x)[dx,  fe H0,00),
0 x 0

(107)
where H}(0,00)C (0, o0) e The essential condition is
that f “vanishes” at x = 0 in the trace sense (f(0) = 0).
Without this condition, the inequality fails: for example,
f(x) =e™* € H'(0,00) gives [~ e 2*/x?dx = oo, while
Jo 1P < oo
General form (with boundary value subtracted). For ev-
ery f € H'(0, ),

oS _ 2 0

/ &) —FOF §4/ fl(x)Pdx,  (108)
0 x 0

where f(0) is understood as the trace of f atx = 0 (a

continuous functional on H'(0, 0)).

Relevance to D(qo). In the definition of D(qq), the condi-
tionf/x € 12 is imposed explicitly. This condition implies
(in the distributional sense) that f(0) = 0, so inequality
Eq. (107) applies. Hence D(qq) is a well-defined Hilbert
space, and the term f /x is controlled by f' via Eq. (107).

Reference: [36, Theorem 327].

2.2.3. Minimal and Maximal Operators, and Maximal
Domain

Organizational note. The detailed proof of the limit-point
property is given below in Lemma 2.25. The reader
may consult it before or after reading Theorem 2.13,
since both use only the elementary indicial equation
s(s —1) = u(u + 1) established in Remark 2.4 and its
standard consequences.

Definition 2.22 (Minimal operator) Define
AoOolce(0,00)-  The minimal operator OF™ is the
closure of Ag in L2(0,00) in the graph sense:

OFn Ay, (109)

where the closure is taken in the graph sense in
L2(0,00) & L2(0,0). Its domain is denoted by D(OFM).
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Definition 2.23 (Maximal operator) The maximal op-
erator Of® acts as Og on

D(OF™) {f € 12(0,00) : 3g € L%, (£, Oug) =
(8/9) V¢ € CZ(0, 00).

(110)

Then O™ fg.

Remark 2.24 (Basic properties of Ag) (a) Symmetry.
Ay is symmetric on L?(0,0). For ¢, € C=(0,00):

(Aot y) = [ (9" + Vo)gax. (1)

Integration by parts on (e, N) and taking the limits ¢ —
0+, N — co:

| o= [T ewa—ily.  12)

The boundary term vanishes because ¢, { have compact
support in (0,00). Similarly,

| evar= [Co@rarpply,  (113)

with vanishing boundary term. Hence

c©

| enpar= [ p=gax (114)
Since V is real, [ Voypdx = [ ¢V dx. Hence
(Ao, ) = (¢, Aoyp). (115)

Therefore A, is closable, and its closure O™ is sym-
metric.

(b) Containment. QRN C Omax: py the definition of
OF** as the maximal closed operator extending Ao, and
since (’){)“i“ is the graph closure of Ay.

Lemma 2.25 (Limit-point nature at both endpoints)
For every y > 1/2 and w > 0, the Sturm—-Liouville
problem O f = zf is of limit-point type at x = 0T and at

X = 00,

(a) At x = 0T. As established in Remark 2.4, the indicial
equation Eq. (22) has roots s; = u+1, s, = —u (see
Eqg. (23)). Since u > 1/2, we have —u < —1/2, so
2u > 1. We compute

"€ "€
/ |x H2dx = / x "2 dx
J0o 0

) el=2n _ g1-2u
= lim ———— = +o0,
a—0* 1—2p

(116)

since 1 —2u < 0and a'~2* — +coasa — 0*. Mean-

while
e2n+3

© 20 gy —
/0 =53

Hence exactly one of the two linearly independent solu-
tions {x#*1,x7#} lies in L2(0,€). This is the definition of
limit-point at x = 0.

(b) At x = oo. Since V(x) = u(pu+1)/x> + w?x? —
+o0, the equation Oyf = zf has two linearly indepen-
dent solutions with asymptotic behaviour e=«**/2(1 +

< oo, (117)

0(1)), by the WKB (Liouville—Green) approximation for
Schrddinger operators with confining potentials (see,
e.g., [50] for the standard WKB treatment). Precisely,
VV(X) = Vu(p+1)/x2+w?x2 ~ wx as x — oo,
so [R\/V(£)dt = wx?/2 + O(logx), giving the stated
asymptotic. Only e=“*/2 ligs in L2(R,o0) for every
R >0:

had 2/212 0 2 o0 2
/ e~ X/ dx:/ e Y dx < / e Y dx
JR JR Jo

_1 7'(<oo
T2V w '

118)
The second solution gives

/ et /2 2 gy :/ etor dx = oo, (119)
R R

Hence exactly one of the two solutions lies in L2(R, ),
so the problem is of limit-point type at x = oc.

Corollary 2.26 (min = max, essential self-adjointness)
Foreveryu>1/2andw > 0,

o = o, (120)

and this common operator is self-adjoint. Moreover:

(i) The symmetric operator Ag = (90|cg°(o,oo) is
essentially self-adjoint on 1.2(0,c0); its unique self-
adjoint extension is OF™.

(i) Every self-adjoint extension B of A satisfies
B = ORin = Omax (as operators, including do-
mains).

By Lemma 2.25, the Sturm-Liouville problem is of limit-
point type at both endpoints. By the standard theorem for
singular Sturm—Liouville operators with limit-point end-
points (see e.g. [23] and [51]), the minimal and maximal
operators coincide and this common operator is self-
adjoint. This gives Eq. (120) and part (i).

Part (ii). Let B be a self-adjoint extension of Ag: Ag C B.
Taking adjoints: B* C Aj. Since Ay is essentially self-
adjoint and B is self-adjoint, we have A} = OFi" and
B* = B. Hence B C O, Conversely, O = A, C
B (the graph closure of Ay is contained in any closed
extension of Ap). Hence B = Ot = Omax,

Theorem 2.27 (Identification of the Friedrichs extension)
Forevery uy > 1/2 and w > 0, the Friedrichs extension
OF coincides with the minimal and maximal operators:

0§ = OF™™ = OF™. (121)

By Remark 2.18, Of is a self-adjoint extension of Ay.
By Corollary 2.26(ii), every self-adjoint extension of Ay
equals OFin. Hence Of = Ofin = Omax,

Lemma 2.28 (Endpoint behaviour at x =0) Let u >
1/2 and e > 0. Suppose f € L?(0,¢) satisfies, in the
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distributional sense,

yn wf: h,o hel(0e).  (122)

Then f € HZ _(0,¢) and f/x? € L2(0,¢).

Step 1 (interior regularity). On every compact [a,b] C
(0,€), the coefficient u(u + 1)/x? is smooth and
bounded. Since f € L2 (0,¢) and —f” + (bounded) f =
h € L2 (0,€), standard ODE regularity [52], [53] gives

f € H2 _(0,¢€); in particular, Eq. (122) holds a.e. on (0, €).

loc
Step 2 (Frobenius decomposition). By the theory of
regular singular points [54, Ch. XV], [50, Ch. 4], on (0, ¢€)
the function f decomposes as

f=cadi+cp+fp

where ¢;(x) = x**1 and ¢»(x) = x~* are the two
Frobenius solutions of the homogeneous equation —y” +
u(p+1)y/x*> =0, and f, is a particular solution.

Step 3 (c; = 0). Since f € L*(0,€) and ¢p(x) = x~*
with u > 1/2 satisfies

€ €
/ |¢po ()| dx = / X2 dx = too,
0 0

the term cp¢p, cannot appear in f. Hence c; = 0.

(123)

Step 4 (Green’s function representation). Choose the
particular solution of Eq. (122) given by the Green’s func-
tion

£ [ Gyh@)ay, Gxy) 1o

21 {x”“y‘”,x <y yrtlixTi x>y

This G satisfies (—d?/dx?> + u(u +1)/x*)G(-,y) = dy
distributionally, and G(0,y) = 0, so f, is well-defined.

Step 5 (Schur test for the weighted kernel). Set
K(x,y)G(x,y)/x2. Then

1 [y x <y,
S 2uH1 | yrHxE2, x>y

K(x,y) (125)

We apply the Schur test with weight p(x)x~1/2.

Row sum. For x € (0,¢):

€
Si(x) = x1/2/0 K(x,y) y’l/zdy

1/2

_ X [ 7;472/x 1+1/2 u—1 /e —u-1/2
2ﬂ+1_x Oy dy + x Xy dy

1 [ 1—(x/e)r1/2
S 2u+1 | p+3/2 u—1/2
1 [ 1 1

< =:
_2ﬂ+1_}l+3/2+ﬂ—1/2] Cy < oo, (126)

Column sum. For y € (0, ¢):

€
Se(y) =" | K(xy)x /2

1/2 1 €

— Y —u Y u=3/2 ;¢+1/ —u—5/2
2V+1_y Ox dx +y yx dx

I T I T Bt (700 et
C2u+1|u—1/2 u+3/2

1 [ 1 1
< = .
_2y+1_y—1/2+;¢+3/2} Cr<eo (127)

Conclusion of Step 5. By the Schur test, the opera-
tor Txg(x) [y K(x,y)g(y)dy is bounded on L2(0,€) with
[ Tk|| < C1 < oo. Hence f,/x? = Txh € L%(0,¢).

Step 6 (assembly). From Steps 3 and 5:

f_api+fp o f
22 o T
Now [ |x#~![2dx = [ x*#~2dx < oo because 2 — 2 >
—1 <= u>1/2,50 c;x*~1 € L2(0,¢€). Combined with
fp/x* € L%(0,¢€), we get f/x? € L2(0,€).

Lemma 2.29 ( Endpoint behaviour at x = o via Ag-
mon estimates]
Letw > 0and M > 0. Let V € C®(M, o) be real-valued
with

V(x) = w?x®> +0(x7%) and

V'(x) = 2w*x +O(x72) (128)

(x — o).

Suppose f € L?(M, ) satisfies —f" +Vf = h €
L*(M, o) distributionally. Then there exists C > 0 and
N > 0 such that

F(x)] < CaNem@/2, x> M. (129)

In particular, x*f € L2(M, ).

This is a standard Agmon-type estimate for Schrédinger
operators with confining potentials. We refer to [55, The-
orem 3.1] and [56, Chapter 3] for the complete proof.

Sketch of the argument. Define the Agmon met-
ric p(x,y)| [V \/V(t)dt| and set Hy — d*>/dx* + V on
L*(M, c0) with Dirichlet condition at M. For any 6 €
(0,1), there exists Cy < oo such that for every g €
LZ(M,oo),

/ 20 |(H, — E)lg(x)2dx < Collgll?,
M

where E < info(Hy). This is the classical Combes—
Thomas / Agmon estimate. Writing f = (Hy — E)~'(h —
Ef) and using interior H?-regularity to pass from the L2-
weighted bound to pointwise bounds, we obtain Eq. (129)
with N = 1 (or larger, depending on the subleading
behaviour of V).

Since p(M, x) = wx?/2+ O(1) by Eq. (128), the expo-
nential weight is 0 at leading order, giving Eq. (129).
The claim x2f € L?(M, o) follows immediately:

since u —1/2 > 0 implies (x/€)*~1/2 € (0,1) for x € o " ,
(0,€). A () Pdx < C? [ a9 iy < oo
! M M
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Theorem 2.30 (Domain description) For every u >
1/2 and w > 0, the domain D(Qy) of Definition 2.2
coincides with the domains of the minimal, maximal, and
Friedrichs operators:

Oanin — Oé’ﬂax — Og = OO on D(OO)/ (130)

and all four operators have the same domain.

Step 1 (operator identity among O{)“i“, oF®, (9(1)E ). By
Lemma 2.17, the quadratic form qq is densely defined,
closed, and lower-semibounded. By Remark 2.18, g
admits a Friedrichs extension Of with Of 2 Ay and
D(Of) C D(q0). By Lemma 2.25, both endpoints are
of limit-point type, so by Corollary 2.26, Ofin = Omax
is the unique self-adjoint extension of Ay. Applying this
uniqueness to Of gives Of = OM", hence

omin — omax — of (131)

Step 2 (inclusion D(Ogy) € D(OF*)). For f € D(Oy):
f e H? f/x* €12, x*f € L. Hence

Oof = —f"+ p(p+1)f/x* + w3 f € L*(0,00)

(as a sum of three L2-functions). By Definition 2.23,
f € D(OF).

Step 3 (reverse inclusion D(OF*) C D(0Op)). Let
f € D(OF™), so f € L?(0,00) and gOyf € L?(0,0)
distributionally.

(3a) Interior regularity. On every compact [1, M] C (0, o),
the potential V is smooth and bounded, so standard ODE
regularity [52], [53] gives f € H?(1, M).

(3b) f' € L? via Friedrichs. By Eq. (131), O™ = OF.
By the Friedrichs construction (Remark 2.18), D(Of) C
D(qo) with go(f) = (OF f, f). Hence for f € D(OR®) =
D(OF):

f

2
wH) = 17+l + 1) [£] -+ Pl < 0. 132)

In particular, f' € L[?(0,00), f/x € L*(0,00), xf €
L%(0, ).

(3c) Endpoint x = 0. On (0,1), set hgg — w?x?f. Since
g € L2(0,1) and |x*f] < |f| € L?(0,1), we have
ho € L2(0,1). The equation — " + u(u +1)f/x*> = hy
holds distributionally, so Lemma 2.28 applies and yields
f/x* € L%(0,1).

(3d) Endpoint x = co. On (M, o) with M > 1, the
potential V(x) = w?x? + O(x~2) satisfies Eq. (128).
Lemma 2.29 applies with h = ¢ € L?(M, «) and gives
x2f € L*(M, ).

(3e) f"" € 12. From the equation " = u(u+1)f/x* +
w?x?f — g, each term on the right is in L2(0,00): the
first by (3c), the second by (3d), the third by hypothesis.
Hence " € L2(0, c0).

(3f) Assembly. From (3b): f' € L. From (3e): f" € L.
Together with f € L2: f € H?(0,00). Combined with
F/22 € L2 (3c) and x2f € L2 (3d): f € D(Oy).

Step 4 (equality of domains and self-adjointness of Oy).
Steps 2 and 3 give D(0y) = D(OF*). Since Oy and
OF®* act by the same differential expression on this
common domain, we have Oy = OF***. By Step 1 and
Corollary 2.26, OF'®* is self-adjoint, hence so is Op. Com-
bining with Eq. (131):

Oy = O™ = O™ = O,
all with domain D(0Oy).

Remark 2.31 ( Role of the analytic tools in the iden-
tification]

Two boundary lemmas enter the identification Eq. (130)
directly:

+ Lemma 2.28 (at x = 0): the Frobenius decomposi-
tion combined with the Schur test on the weighted
Green’s function G/x? gives f/x? € L?(0,¢) for ev-
ery f € D(OF*); this is used in Step 3¢ of Theorem
2.30.

e Lemma 2.29 (at x = o0): Agmon estimates give
exponential decay |f(x)| < CxNe~@*/2, hence
x?f € L?(M,); this is used in Step 3d of Theo-
rem 2.30.

Additionally, the limit-point property of Lemma 2.25
(which uses the indicial equation at x = 0 and WKB
at x = o0) enters indirectly through the operator identity
Eq. (131) in Step 1 of Theorem 2.30, via Corollary 2.26.

What is not used. Neither the Weyl-Titchmarsh theorem
(invoked in Theorem 2.13, part (1), only to record self-
adjointness of OF'®X) nor the spectral expansion of Ogy
enters the proof of Eq. (130). The identification D(Oy) =
D(OF*) is established independently of the spectral
analysis of Theorem 2.13: its proof uses only Lemmas
2.28, 2.29, 2.25, the classical Friedrichs construction
(Remark 2.18), and interior ODE regularity.

Role of boundary analysis. Boundary analysis at x =0
enters the paper in three places: (i) in Remark 2.4, to
justify the sharpness of the threshold u > 1/2 for the
domain condition f/x* € L?; (i) in Lemma 2.25, to es-
tablish the limit-point property underlying Corollary 2.26;
and (iii) in Lemma 2.28, where the Frobenius decom-
position plus Schur test is used in Step 3c of Theorem
2.30. Of these, only (iii) enters the identification argu-
ment directly (Step 3c); (ii) enters it indirectly through
Corollary 2.26 in Step 1. Item (i) is completely external
to the identification.

Remark 2.32 ( Role of limit-point in uniqueness, and
borderline cases]

Role of limit-point. The limit-point nature at both end-
points (Lemma 2.25) is the crucial hypothesis for Corol-
lary 2.26. If the endpoint x = 0 were of limit-circle type
(as in the case u < 1/2), there would be multiple self-
adjoint extensions, and the domain D(Oy) would not
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&

be unique, requiring an additional boundary condition at
x = 0. The condition u > 1/2 excludes this possibility.

Case u > 1/2 (studied here). Both endpoints are of limit-
point type. The self-adjoint extension is unique. D(Oy)
is naturally defined.

Case u < 1/2. The endpoint x = 0 is of limit-circle type
(u <1, foe x~2 dx < o0). There are multiple self-adjoint
extensions, requiring an additional boundary condition at
x = 0. Outside the scope of this paper.

Borderline case p = 1/2. The endpoint x = 0 is still
of limit-point type (since 2y = 1, and [; x 2 dx =
Jo x~dx = oo logarithmically). No additional bound-
ary condition is needed to select a self-adjoint extension.
However, the obstruction appears in the domain condi-
tion: the eigenfunctions satisfy 9, (x)/x2 ~ Cyx~1/2,
and [;x ldx = oo, s0 ¢, ¢ D(Op) by definition
Eqg. (20). The correct remedy is to relax the domain
condition to a wider space (e.g. D(OFf*¥), which con-
tains the eigenfunctions because Ogy, = Any, € L?).
This differs essentially from the case u < 1/2: there,
the problem is uniqueness of the extension; here, the
problem is selecting an appropriate domain.

Essential difference between the two borderline cases.
At 1 = 1/2, the endpoint x = 0 is still of limit-point type,
so uniqueness of the self-adjoint extension is guaranteed;
the obstruction is purely a domain issue. At u < 1/2,
the endpoint x = 0 is of limit-circle type, so uniqueness
fails and an extra boundary condition is required. This
distinction is fundamental.

3. RELATIVE BOUNDEDNESS AND LOG-
ARITHMIC MATRIX ELEMENTS

In this section we prove that the two perturbations Of
and log x are relatively bounded with respect to the base
operator Oy, with relative bound zero. This is a prereg-
uisite for applying the Kato—Rellich theorem to the full
operator H(A,y). We then derive the closed-form ex-
pression for the logarithmic matrix elements V,l,,o,?, prove
a uniform bound on them, establish a precise regular
expansion, and derive the complete second-order expan-
sion of the eigenvalues. All proofs are self-contained,
and all constants are explicit.

3.1. RELATIVE BOUNDEDNESS OF THE PER-
TURBATIONS

3.1.1. The Fractional Power

Theorem 3.1 (Relative boundedness of Of) Let0 <
o < 1. For every e > 0 there exists a constant C, =
Ceowyu > 0 (independent of n) such that

IO fII < el Oofll + Cellfll,  Vf €D(Oo). (133)

Explicit form of the constant:

Cg max (0, sup (t2‘7 — eztz)) ,

t>Ao (134)

Aow (2 +3).

Since D(Op) C D(Of) (from Definition 2.6: A, >
Ay > 0and ¢ < 1, so A2 < A2 D A2) we write

f = Xusocnu. Since Of is diagonal in this basis
(OS5 = AJpy), we obtain
1052 =AY leul’s 100fIF = L ATlea,
17 =2 lenl.

Step 1 (pointwise inequality in A,). We prove A% <
€2A2 4 C? for every n. The function h(t)t?* — €*t> on
[Ag, 00) is continuous, and &(t) — —oco as t — oo (since
20 < 2). Hence & is bounded above on [Ag, o), and its
supremum is finite. By definition Eq. (134), C2 > h(t)
for every t > Ay, i.e., t*° < €2t> + C2. Applying this to
t= A, > Ay yields the pointwise inequality.

Step 2 (summation). Multiplying by |c,|?> and summing
over n:

IOFFII? = Y- A lenl® < } (€2 A7 + C2)enl®
n n

= || Oof[* + C2II fI%

Step 3 (square root). Using va? + b2 < a+bfora,b >
0:

IOGfII < €l Oof | + Cellf1l-

Remark 3.2 (Relative bound zero) Since ¢ > 0 is ar-
bitrary, the relative bound of OF with respect to Oy is
zero. Precisely: for every a > 0 there exists b < oo such
that ||OF f|| < a||Oof|| + bl f||. Thus OF is a “small per-
turbation” in the Kato sense, and the standard spectral
theorems (Kato—Rellich [1], Weyl [4]) are applicable.

3.1.2. Operator Boundedness of log x

Theorem 3.3 (Operator boundedness of log x) For
every u > 1/2 and every € > 0 there exists a constant
C. > 0 (independent of f) such that

logx - fI| < ellOofll + Cellfll, Vf € D(Op).

(135)

We split (0, 0) into three regions and treat each sepa-
rately.

Step 1 (small x region). Define ¢(x)/xlog(1/x) on
(0,1]. lts derivative is g’'(x) = —(logx +2)/(2+/x). Set-
ting ¢'(x) = 0: x = e~2, with g(e72) = 2/e. Hence g
has a unique maximum on (0, 1] at x = e~2 with value
2/e. For every e > 0, choose § € (0,e72] such that
Vélog(1/6) < €, (possible since v/dlog(1/5) — 0 as
5 —07). On (0,9], | log x| < e;x~1/2. Hence

2

eill)qo(f)/

6 o
log x)2|f |2 dx < 2/ LfPRdx <
) Gogx?ifPd < & [Fx P ax < oF
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using x~ ! < x72on (0,6] withé <e 2 < 1.
Step 2 (intermediate region). On [4, M],
bounded. Define L; ) max(|logé|, logM).
Ji (log x)2|f P dx < 12 I f]12

Step 3 (large x region). For every e, > 0, choose
M > 1 large enough so that logx < epyx for x > M
(possible since logx/x — 0 as x — o). Hence
[yt og x)2|f12dx < & [ %[ dx < (e}/w?)qo(f).
Step 4 (combination). Adding the three estimates:

log x is
Then

G ) o)+ Bl
ui+1) w2 qo(f smll
Step 5 (choice of ¢1,¢;). Choose e1(e/2)/p(p+1)
and ex(e/2)w. Then €2/[u(u+1)] +€3/w? = €*/4+
€2/4 =¢€2/2, s0

log x - fII* < <

2
€
logx- FIP < Sa0(f) + L3l fI1%

Step 6 (interpolation inequality). From Lemma 2.20,
q0(f) < | Oof [l f]l- Using 2ab < a* + b*:

62 62
logr-£1P < S1O0fIP + (Lhae + S ) 117

Step 7 (final form). Set €’e/2 and C, /L%/M +e2/4.
Then [[logx - f|| < €'||Oof|| + CL|f|l. Since e > 0'is
arbitrary, so is €.

Remark 3.4 (Role of the three-region decomposition)
The decomposition is essential. If we used only the
bound |logx| < Cox~'/2? on (0,1] with Cy = 2/e
(the maximum of /xlog(1/x)), we would obtain
C2/(u(u+1)) = 4/(*u(p + 1)), which for y = 1/2
gives 16/(3¢*) ~ 0.72, not small. The three-region
strategy exploits \/xlog(1/x) — 0 as x — 07 to obtain
arbitrary smallness in the small-x region, separately
from the large-x region, which is treated differently. This
is essential for obtaining arbitrary €, and hence a zero
relative bound.

3.2. SELF-ADJOINTNESS OF THE FuLL Op-
ERATOR

Hence B is symmetric on D(Oy).
Step 3 (relative bound). From Theorems 3.1 and 3.3:

IBFIl < (IAler + [v]e2) | Oofll + (A|CE-P)
2,0
+ICEPNIFL

(Lop)

where Cg, = C, is the constant from Theorem 3.1

and Cg’(’p) = C,, is the constant from Theorem 3.3.
Choose €11/(4max(|A|,1)) and ep1/(4max(]y],1)),
giving |Alep + |ylea <1/4+1/4 =1/2. Thus

1
IBfI < S11Oofll +blI£1l,

where b\/\|cgl'op) i |,)/|C£2,Op)

1 2
A, v, 1, w,0 but noton f.
Step 4 (Kato—Rellich). By the Kato—Rellich theorem:
since Oy is self-adjoint on D(Oy) (Theorem 2.13, part
(1)), B is symmetric on D(B) 2 D(0y), and the relative
bound is 1/2 < 1, the operator H = Oy + B is self-
adjoint on D(Oy) and bounded from below.
Step 5 (discrete spectrum). We prove B(Og +i)~!
is compact, so by Weyl's theorem [4], cess(H) =
Uess(OO) =Q.
(5a) O5 (O + i)~ is compact. In the eigenbasis, this op-
erator is diagonal: O (Oq + i) ¢, = [AG/ (An +1)]¢n.
The singular values are

< oo depends on

A(T
an\/% <ATTT 50 (n— ),
+
n

since 0 — 1 < 0 and A, — o. Hence the operator is
compact.

(5b) log x(Og +i)~! is compact. We use finite-rank ap-
proximation. For N > 0, let Py be the orthogonal projec-
tion onto span{yy, ..., yn}. Define

Tlogx(Og+i)~!,  TyTPy=

log x(Og + i) 1 Py.
The operator Ty has finite rank < N + 1, since its range
is contained in span{log x - ¢, ...,logx - Y5 }. For each

m < N:logx - ¢, € L? since ¢, € D(Op) and Theorem
3.3 applies. Hence Ty is compact.

Proposition 3.5 (Self-adjointness and discrete spectrum) \We show IT—~Ty|| - 0as N — . Letg € 12

Lety >1/2,0 < o <1, |A] < Agap, and || < EF.
Then the full operator

H(A,v) = Og + AOF + ylogx (136)

on the domain D(Oy) is self-adjoint, bounded from be-
low, and has purely discrete spectrum.

We apply the Kato—Rellich theorem. Set BAO{ 4+ log x,
so that H = Oy + B.

Step 1 (domain inclusion). For f € D(Op): Off € L2
by Theorem 3.1; log x - f € L? by Theorem 3.3. Hence
Bf € L?, and the domain of B contains D(Oy).

with |[g]| < 1, and set f(Op +i)~}(I — Py)g. Then
f € D(Oy) and (I — Py) projects onto the closure
of Spal‘l{l[)NJrl, IPN—FZ/'"}- Using OQ(OO +i)71 =1-
i(OoJri)*lZ

1

1
< — Oof| €14 ——.
I g 100fl <1+ 54—

By Theorem 3.3 with > 0:

7+ C{7
Any1

C/
>+ T =n+

1
log x - < 1+
ogar-fll < (14 51— )+ 5

N+1
Taking the supremum over | g|| < 1:

Step 2 (symmetry). Of is self-adjoint on D(Of) 2 n+C
D(0g). logx is self-adjoint on D(logx) D D(Op). IT—Tnll <7+ A
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For every 6 > 0, choose 7 = §/2 and N large enough so
that (7 + C})/ An+1 < /2 (possible since A1 — o0).
Then ||T — Ty|| < 6. Since § > 0 is arbitrary, T is
the operator-norm limit of finite-rank operators, hence
compact.

(5¢) Conclusion. Since OF(Oy+i)~! and logx(Op +
i)~! are compact, and the space of compact operators
is a linear subspace, the operator

B(Og +i)71 = AO5(Og + i)

is compact. By Weyl's theorem, vess(H) = 0ess(Op) = @.
Hence the spectrum is purely discrete.

+ ylogx(Op +i)~*

Remark 3.6 (Explicit lower bound) From the proof, H
is bounded from below. We give an explicit lower
bound. For every f € D(0Qy), from Theorems
3.1 and 3.3 in quadratic-form form, with constants
Cé}’form) supys 4, (17 — €1t) and Cg’form) Lsm +1/2 +
CI

¢,» we have

[(Bf. )| < 5q0(f) + Cuo L £1I%,

where C1b|)L|C(1 Aorm) 4 1 |C2f°rm)- Since (Hf,f) =

q0(f) + (Bf, f) = qo(f) — (B, )| = 3q0(f) — CulIfII*,
and using qo(f) > collfl|*> (Lemma 2.19) with ¢y =

2wr/u(p+1):
(Hff) > ( co—clb) ik

Hence noico — Cp = w+/u(p+1) — Cy, is an explicit
lower bound. A positive value is guaranteed when cy >
2Cy, I.e., for |A], || small enough.

3.3. LOGARITHMIC MATRIX ELEMENTS
We introduce the logarithmic matrix elements:

10g<l/1m/108x¢n /l[)m Yn(x)logxdx, (137)

where {¥,},>0 are the eigenfunctions defined in The-
orem 2.13. These elements play a central role in the
perturbation theory and in the fixed-point formulation of
Section 4.3.

3.3.1. Closed-Form Formula

Lemma 3.7 (Closed form for V,%8) Form # n:

log
WlVl -
max(m (min(m,n) +a +1)
2|m—n\ min(m max(m,n) +a+1)
(138)
Form =n:

(139)

1
vios ¥ (n+a+1) ~logawl,

where Y1 /T is the digamma function.

The proof uses the standard differentiation formula for
generalized Laguerre polynomials (see, e.g., [32, Ch. V]
and [37, eq. 18.9.19]):

8

D(
aoc Z:k )

—L k> 1.

(140)

(For k = 0, the derivative vanishes.)

Step 1 (substitution). Set ywx?. Then x = (y/w)'/?,

dx = Jw=12y~12dy, and log x = }(logy — log w).
Step 2 (expression for ¢,,1;, dx). From Theorem 2.13:

P (X) P (x) = NNy e L) (0022) L ().
Substituting x2*+1 = (y/w)**1/2 and =¥ = ¢V

Puutpn dx = NNy (y/ @) 2 VL () LY (y)-

%wfl/zyq/z dy.

Simplifying (y/w)*+t1/2 . w=1/2y=1/2 = ;== 1y Using
NN = 20" /mint/[T(m + o+ 1)T(n + a + 1)]:

dr — m!n!
Ymipn dx = T(m+a+1)I(n+a+1)

e VLW ()L (y) dy.

Step 3 (final expression for V,05).
$(logy —logw):

Since logx =

log 1 m!n! B .
V' = 2\/T(m+a+l)F(n+a+1)[I’”” log w - Junl,

where Lun [y y*e Y logy L (y)L,(f‘) (v)dy and
Jon J37 v e YL ()L (y) dy = [D(m + & + 1) /m!) Sy,
Step 4 (computation of I,,,,, for m # n). We differentiate
the orthogonality relation with respect to «:

d oS}
= [ | et way).

Applying the product rule:
0= Ly, + /OOO y“e_y(amL,(f))L,&M dy+
/OOO ye VLY (0,L) dy.
Hence

o == {/ yie V(LS LW dy+
[ e o) a).

Casem < n (i.e.rn —m > 0). From Eq. (140), 9, L% =
2;?1:51 [1/(m— j)]L](“) (y), and each L; has degree j <
m—1 < m < n. By orthogonality, the first integral

vanishes. For the second integral:

n—1
/y ())dy=): !

0]

/y"‘e*yL “>
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By orthogonality, only the term j = m survives:

= /yey )dy = - -

n—m

I(m+a+1)
—m m! '

Hence Iy, = —T(m +a + 1)/[(n -
Case m > n. By symmetry (L, = L. since the L,((“) are
real-valued): Iy, = —T(n+a+1)/[(m —n)n!].

Unified formula. Combining the two cases:

m)m!] for m < n.

['(min(m,n) +a+1)
Lyn = — , .
" |m — n| min(m,n)! m#n

(141)

Step 5 (conclusion for m # n). Substituting into the
expression for V1% with &, = 0:

Vlog o 1 m!n! .
"2\ T(m+a+1)T(n+a+1)
(_F(min(m,n) +a+1) >

|m — n| min(m, n)!

Simplifying the square-root factor:

m!n! ['(min+a +1)
Im+a+1)T(n+a+1) min!
B max! - min! I'(min+a +1)
~ |/ T(min +a + 1)T (max +a + 1) min!

_[max!-T'(min 4« + 1)
~ \/ min! - T(max +a + 1)

Hence
Vios _ max(m, n)! T (min(m,n) + a + 1)
" 2|m—n| min(m, n)! T (max(m,n) +a+1)

Step 6 (computation of [,,;,). We differentiate the or-
thogonality relation at m = n:

I'n+a+1)

Lun +2/y“e_yL£,“)(aaL,(1“))dy =

(We use (d/da)T(z) = T(2)¥(z) withz = n4+a +1.)
The second term vanishes: 9, L; “ has degree < n (by
Eq. (140)), so LEI ) is orthogonal to it. Hence

I'n+a+1)

o Y(n+a+1).

Inn =

Step 7 (conclusion for m = n). Substituting into the
expression for Voo8 with 8, = 1:

Vart =

1 nin! In+a+D¥(n+a+1)
2V T(n+a+1)T(n+a+1) n!

1

Eloga)

_1 n! F(n+oc+1)‘¥(n+zx+1)_11 w
T2 Tn+a+1) ! 28

1 1
— -y 1) — -~ logw.
5 (n+a+1) 5 logw

Hence Vo8 = ¥ (n+a+1)—logwl.

Remark 3.8 (Special case « = 1) At the borderline

Y(n+a+1).

value x =1 (i.e., y = 1/2, excluded from the main re-
sults by Remark 2.4), the closed-form formula Eq. (138)
simplifies to a telescoping form:

1 min(m,n) + 1
2|m —nl| \| max(m,n) +1

VaoB| = (142)

Remark 3.9 (Exact form of the diagonal difference)
From Lemma 3.7, for every n > 0 and r # 0 with
n+r>0:

1
Ve =

1
Vnigr,ru»r — Vin —‘Y(I’l—l—ﬂé—l—l)].

(143)

1
E[‘I’(n—&—r—i—oc—i—l)

In the special case o = 1:

1 1 1

Vnigr,nJrr - Vn(;lg = E[Hn—&-r-&-l - Hn+1}‘ (144)
3.3.2. Uniform Bound

Theorem 3.10 (Uniform bound) For every r # 0 and

n>0withn+r>0:

1
Vo, < = (145)
2[r|’
In particular, |Vo8| < 1/(2|m — n|) form # n.
From Lemma 3.7, for m # n:
\Vlog\ 1 ~max(m,n)! T'(min(m,n)+a+1)
m 4lm —n|2 min(m,n)! T(max(m,n)+a+1)

Caser > 0 (i.e. n+r > n). Set m = n (lower) and
n’ = n+r (upper). Then

|V10g |2 1 . (7’1+1’)! ) l"(n+zx+1)
At 472 n! Tn+r+a+1)
We simplify: (n+7)!/n! = [Tj_y(n+j) and ['(n +r +

a+1)/T(n+a+1) =[Ti_4(n+j+a). Hence

log |2 1’l—|—]
%
‘nn+r| 4r2Hn+]+oc

Each factor (n+j)/(n+j+a) < 1 (since « > 0 and

n+j > 1). Hence the product < 1, so |V,ll°ng+r|2 <
1/(41%), which gives |V, 8, | < 1/(2r).

Caser < 0. Sets—r > 0,s0n+r = n—s (with
n—s > 0). By symmetry Vnof .= V,llo,gs,n (since the
matrix elements are real). Applying the previous case to
the pair (n —s,n) with v/ = s > 0:

1 1

log log
V, =V, .
| = VaZsul < 25 2|r|

nn—s

Remark 3.1 (Interpretation) The bound |V, 8, | <
1/(2|r|) means that the logarithmic matrix elements de-
cay at rate 1/|r| away from the diagonal. This decay is
“slow” (not exponential) and is the source of complexity
in the subsequent analysis. Specifically, this slow de-
cay is the source of the logn term in the second-order

correction (see Theorem 3.28).
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« I L S @ )
n+k+a n+k n+k (n+k2))

w ? w3
n+k (n+k)? +O<(n+k)3) '
Hence log[(n + k)/(n + k+a)] = —a/(n+k) +
o/ [2(n+k)*] +O(w 3/(nJrk) )
Step 3 (summation). Define S/ Yh q(n+k)y~forj>1.
Then

Zlo n+k
gn+k+

2
log P;(n) = = —4551) + %552)4-

0(a®s¥).
Step 4 (estimate of Sy(j) by integral comparison). The
function t +— (n +t)~/ is decreasing on [0, c0) for j >
1. By the integral comparison theorem: for every f :
[1,00) — [0, 00) decreasing and N > 1,

T s < )+ [
Applying this to f(t) = (n+t) 7/ with N = 1:

/V+1 dt cgl) <1 +/r dt
1 (n4+t)y) =7 T (1)) S (n4t)

Case j = 1. We compute:

/’+1 dt n+r+1 /’ dt n+r
1 n+t n+1 7 1 n+t gn+1'
Hence
n+r+1 (1) 1 n+r
log ———~ < < I .
08 k1 =% S g1 T8

We verify precisely that S\ = log(1 + r/n) + O(1/n).

‘ Osama A. H. AL-Dahyani and Abdu A. Alkelly. %
3.3.3. Regular Expansion First,
Lemma 3.12 (Regular expansion) For1 < r < n and ntr _ n(l+r/n) _1+4r/n
nzn(Az)sz]: n+1 n(1+1/n) 1+1/n
og o 1 “a . so log[(n+r)/(n+1)] = log(l+ r/n) —log(1 +
V™ = 12 (1 + ) (I+0(m™)),  (146)  1/n) =log(1+4r/n) —1/n+ O(1/n2). Therefore
where O(n~1) is uniforminr € [1,n]. |S£1> —log(1+r/n)| < 1 + 1 +0(1/n2) < E
n+1 n n’
Step 1 (setup). Set P,(n)[T,_,(n +k)/(n +k + a), so where.the constant C is uniform in r € [1,n].
that |V1’1101§+r|2 = P,(n)/(4r). Casej > 2. We compute
Step 2 (logarithm expansion). For each k € [1,7]: /w(n +t) T dt = — 1 < 1 -
ik . I eI R
o5 g (1), ) | | |
ntkta n+k+a Thus S} < (n+ 1)+ (j—1)"tn= U=V = O(n'),
With ua/(n+k+a) < a/(2a+1) < 1/2 forn > 2a. uniformly in r.
Since n(AZ) — [24] > 24, the hypothesis 1 > n(AZ) implies Step 5 (combination). We have log P, (n) = —alog(1+
n > Zéx.) Thus the series converges uniformly in k and r/n) +O(1/n), where we used:
2).
nzny « a-0O(1/n) = O(1/n) (since « = p+1/2 is con-
n+k o 1 a 2 stant);
log ke~ nikta 2 (n+k—|—zx> + * «?/2-0(1/n) = O(1/n);
3 « O(®-0(n2)) =0(n=2) CO(1/n).
Ol ————= | -
((n+k)3> Step 6 (exponential). From logP;(n) = —alog(1l +
We simplify a/ (1 + k + a): r/n)+0(1/n):
P(n) = (1+r/n)" %P0 = 147/n)"*(1+0(1/n)),

where 0/ =14 0(1/n) (by e* =1+ u + O(u?) as
u — 0).

Remark 3.13 (Explicit form of the error term) For
n > 2« and1 < r < n, the expansion can be sharpened
to

r a(e+1 r
logPr(n):—alog(l—f—E)—&- (Zn ).n—i—r
a3
o(52):
(147)

with the constant in O(-) depending only on « and uni-
forminr € [1,n].

3.3.4. Matrix Element Difference 5™t
Definition 3.14 (Matrix element difference) For 1 <
r<m:

1 1
5},'77atlvnor;g r|2 |Vnoi§+r|2

(148)

Lemma 3.15 (Estimate of sMa) Let
nf) max ([4a],[3(1 + a)]). For n > n(A4> and
1<r<|n/2]:

gmat — —%(1 +O(ar/n)). (149)

The constant in O(«r/n) depends on « only, not on n or
r.

Step 1 (definition of F;). Write P, /Pt
where

= szl Fk!

E (m—k+1)(n+k+a)
K+ (n—k+1+a)
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)

Step 2 (expansion of F;). We compute the numerator
minus the denominator. Numerator:

m—k+1)(n+k+a)=m+1—-k)(n+k)+
(n—k+1D)a=n>+n+k—k*+na —ka+a.
Denominator:
(n+k)y(n—k+1+a)=mnm+k)(n+1-k)+
(n4+ka=n*+n+k—k +na+ka.

Difference (numerator minus denominator): —«(2k —1).

Hence F, = 1+ u; where

a2k —1)
(n+k)(n—k+14a)

Uy —

Step 3 (estimate of |u;]). For1 < k < r < [n/2]:

n—k+1+a>n/2. Hence
a(2k—1) 20(2k — 1)
(n+k)(n/2) = n(n+k)

lug| <

Since nf) > [4a] > 4a, the hypothesis n > n(A4) implies
n > 4a, so |ug| < 1/2. (This justifies the subsequent
expansion of log(1 + uy).)

Step 4 (expansion of u;). Write

(n4+k)(n—k+1+a)=n>+By, Bn(l+a)+

k(14 a) — k2.

We note that
< 1+a n

|Bk| n(1+a) +k(1+a)+k (14 a)r
2 = 2 — 2 +
n n n n

-

1+“) 14w r
Usingr < n/2: gwadfzg

1g
I

|Bk| 1+a 1+4a 1_3(1+)+1
n2 = n 2n 4 2n 4

Since n(A) > [3(14a)] > 3(1+ «), the hypothesis n >
n(:) implies n > 3(1 +«), so 3(1”‘) < }and |By|/n? <

4 < 1. By the geometric expan3|on

1
1+ By /n?

—a(2k —1)/n?

B
=1- n% +O(K*/n*).

Hence uj = (1= By/n? +0O(kK*/n*)).

Step 5 (summation). Set S, Y}, u;. Then

i 2k —1)Bg+
=

%i 2k1>

Si=— %y (k1)
Ly ==

We compute the sums:

i(zkf 1) =
k=1
$ a1 = HIED 2 op

4

T

;kz(Zk—l) = 5 +0(r);
Y (2k—1)By=n(l+a)?+ (1+a)) k(2k—1)—
k=1

Y K2k —1).
Substituting:
2 2 4

sr:—ﬂ+— { (1 +a)r? +(1+o<)%—%+

O(r?) + O(r?’)} +O(art/mh).

We simplify. The leading term is —ar?/n?. The addi-
tional terms are: a(1+ a)r?/n® = O(ar?/n%); 2a(1 +
W)/ (3n*) = O(ard/n*); —ar*/(2n*) = O(ar*/n*);
O(ar*/n*). Forr < n/2: r*/nd < 1/(4n), r3/n*
1/(8n), r*/n* < 1/16. Hence

IN

2
5 =-4 (1 +0(1/n) +O(r/n?)+

O(r* /n?) + O(ar/n).

We combine all error terms into O(ar/n) (since «
0, and O(1/n) < O(a/n) < O(ar/n), O(r/n?)
O(ar/n), O(r?/n?) < O(ar/n) for r < n/2). Hence

IN V

2
Sy = — (14 O(ar/n)).

Step 6 (exponential). Since |S;| < 2ar/n < wa (for
r < n/2and n > 4a), we use the elementary bound
lexp(u) — 1 —u| < |u|?e*l /2, valid for all u € R. With
IS| < a:

1
lexp(Sr) =1 -5, < §|Sr|2 " = 0u(S7),
where the constant in O,(-) depends only on « (and not
on n or r). Therefore
P /P = exp(Sy + Oa(S%)) =1+5+ Oa(Sf) =
067’2

1— ?(1 + Oq(ar/n)).

Step 7 (difference).

P — P =P (P /Pt —1)=P"

(—";’2> (1+O(ar/n)).

From Lemma 3.12, P;f = (1+r/n)"*(1+0O(1/n)) =

14 O(r/n). Hence
2
Pm—Pf = —%(1 +O(ar/n)).

Step 8 (conclusion). M = (P~ — PF)/(4r?) =

—a/(4n?)(1+O(ar/n)).

Remark 3.16 (Sign of ™M) Since « > 0 and n > 0,
we have 53 < 0 for small values of r/n. This means
\V,i"f < \Vn°,§+,| This asymmetry is the source of the
log n term in the second-order correction (see Theorem

3.28).
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Lemma 3.17 (Exact form of ™) For every a > 1,
n>1,and1 <r <mn:

1 r
mat __ | |
o= 42 [k 1

n+k

k+1 r
n—k+1+a Hn+k+oc (150)

Direct application of Lemma 3.7: |V,1°,;s 2=

(1/(4*) iy (n — k +1)/(n — k + 1 + a) and
Vo8, [2 = (1/(42)) Ty (n +K)/ (n + K+ ).

Lemma 3.18 (Exact form at « = 1) At the borderline
valuea =1, forl <r <mn:

1
mat _
AT T R (151)

At « = 1, both products telescope:

k=1
The numerator of the difference is (n —r+1)(n +r +

1)—n+1)2=nm+1)2-r—(n+1)2 = —r% There-
fore

mat _ 1 —r? — 1

4 42 (n+1)(n+r+1) dn+1)(n+r+1)

Remark 3.19 (Role of Lemma 3.18) The case « = 1
(equivalently, u = 1/2) is excluded from the main scope
of the paper (see Remark 2.4). Lemma 3.18 is included
for two reasons: (i) it illustrates the telescoping structure
of 6@ in the borderline case, providing intuition for the
general « > 1 case; and (ii) it confirms the general
scaling 5™ ~ —c, /n* from Lemma 3.15 with ¢; = 1/4.
No result in the main text depends on Lemma 3.18.

3.3.5. Effective Energy Gap and the Quantity H,
We first introduce the quantity H,,, which appears both
in the effective gap and in the second-order expansion.

Definition 3.20 (The quantity H,) Forn > 1:

H,1 + Ao(4wn)? 1

(152)

We also set Hj1 + AcA9~! = H, + O(1/n).

Remark 3.21 (Exclusion of n = 0) We exclude n = 0
since (4wn)”1 = 0~(1-9) = w0 (as ¢ < 1). This differ-
ence in behaviour at n = 0 is one reason why the case
n = 0 must be treated separately in Section 4.4.

Lemma 3.22 (Positivity of H,) Under the hypothesis
Al £ Agso:

<H, <2, Vn>1 (153)

N =
I\J\OJ

|Hy, — 1| = |Ao(4wn)? L. Since o — 1 < 0, the function
(4wn)?~ 1 is decreasing in n. Hence

(4won)’ 1 < (4w -1)71 = (4w)’ Y, n>1.

ﬁn—k—i—l_n—r—&—l ll[ n+k  n+l
n—k+2  n+1 7 Lin4k+1 n4r+1

Therefore
|Hy — 1] < |A|o(4w)” ! < Agsoo(4w) ™t =
1
_ . 4 o—1 =
20 (4w)71 o(4w)
Thus —-1/2<H,—-1<1/2,ie.1/2< H, <3/2.

Remark 3.23 (Explicit form fora = 1and o = 1/2)
Ata =1landoc=1/2:H, =1+ A/(4y/wn),n > 1.
Remark 3.24 (Insufficiency of AS3! for positivity)
Under the weaker hypothesis |A| < AsSt alone (without
Ag>o), Hy may not be positive. The bound is
[w(2p +3)]" (4ew)” !

4
For large u, this may exceed 1/4 (and hence H, may be
negative for small n).

|Hy — 1] < Ao (4w)" ! =

Explicit numerical example. Take p = 100, ¢ = 1/2,
w = 1. Then:
Aself [ (2]4 + 3)]170 _ [203]1/2 . 203 ~712:
§ap 40 4-1/2 2 B
1 1 1
G0 oo(dw)T 1~ 2-(1/2)-4°1/2 4172

Agap = min(7.12,2) = 2.
At A = —5 (which satisfies |A| = 5 < A2 ~ 7.12 but
> AG>0 - 2).

Hy =1+ (-5)-(1/2)-4Y2=1-5/4=-1/4<0.

This confirms that Agealf) alone does not guarantee posi-
tivity of Hy,.

Remark 3.25 (Asymptotic behaviour of H,) Asn —
oo, (4wn)’~1 — 0 (sincec —1 < 0), so H, — 1. This
justifies using H,, as a “correction factor” close to 1 in the
perturbative analysis.

Lemma 3.26 (Effective energy gap) Let u > 1/2,
w>0,0=1/2,and || < A%Y /2. Then:

gap
7wlr|
entr — eyl > , Vn>0,r#0. (154)
2
We estimate
lentr —en| 2 |Anpr — An| — MHA}zfr A2,
First term. |A,, — A,| = 4w]r|.

Second term. By the mean value theorem applied to
¢(x) = x1/2 on the interval between A, and A, ., there
exists ¢ € [min(Ay, Antr), max(Ay, Aptr)]:

|A}14rzr _A111/2| - \[|An+r Ap | = 2\/7
2w|r|
dwi|r| = .
"=
With |A| < VAo/4: |A] - 2wlr|/VA) < (VAp/4) -

2wlr|/ /Ay = wlr|/2.

Combination. |e, ., —e,| > 4wl|r| — w|r|/2 = 7w]r|/2.
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Remark 3.27 (Relaxed bound 3w|r|) From Lemma
3.26, |ley+r —en| > 7w|r|/2 > 3wlr| for every r # 0
(since7/2 = 3.5 > 3). In Section 4.3, we use the weaker
bound 2w|r| + w/2 because D, ,(F) also includes F
and the diagonal difference v(V, .., — Vig). No
contradiction between the bounds.

3.3.6. Second-Order Expansion of the Eigenvalues

Theorem 3.28 (Second-order expansion) Under hy-
potheses (H1)—-(H3), for every n > 1, the n-th eigenvalue
E, of H(A, ) admits the expansion

Ep=en+7Vi% +92EP +0O(7%),  (155)

where e, = A, + AAY, and the second-order coefficient
E,(f) decomposes into an algebraic part and a logarithmic
part:

E&Z) _ EISZ),aIg T E&Z),log’ (156)
with
(2)alg _ | Amo(1—0) -2 20-3
E, = 7241_1% (4wn) +O0(n )l
(157)
@dog _ | «a(logn+ g —log2) 2
Enm = TowHi(nt 12 T O(n™)} (158)

where H,, and H;; are defined in Eq. (152) (Definition
3.20).

Convention on A1. Throughout this proof we set

A(j:) lensr —en| >0, i.e. AS:) = entr —n,

(159)
A(f) =e; —€y_r.
This convention is forced by the second-order perturba-
tion formula
1
£ _ Ve |

= Lomnl 160
! m#n €n — Cm ( )
where the denominators e;, —e,,_;, = A(_y) >0ande, —

Cntr = —Ai’) < 0 have opposite signs.
Setup. Define
A7|V10g |2 By|V10g ‘2

nn—r nn+r

(161)

Collecting the terms withm = n —rand m = n+rin
Eq. (160):

(2) Ay B, :|
E,’ = Z —_— = — (162)
r>1 A(j) AX)

Algebraic decomposition. We split Eq. (162) into a sym-
metric and an antisymmetric part via the elementary
identity

A, B

_At+B 1 1N A-B /1 1
AL Ay 2 A Ay 2 AT AL

(163)

We therefore set

angAr—FBr( 11 )
(") )]

(r
1 A A
= - O (164)
A —B [ 1 1
Y ( G <r>>'
r>1 A_ A+
so that E?) = 5218 | gl°8

Part 1: Algebraic contribution 5'%.

Step 1 (Taylor expansion of e,,+r). With h,4wr and H;;1 +
AcAIL,

o(c—1
Az+r = AZ + U'Azilhr + %A‘;*th + O(h?A(771’73),
(165)
-1
Al = A — 0 ATy + %AZ‘% +O(HAG).
(166)
Taking the difference e,+, — e, = +h, + A(A%,, — AY):

A = arr; + 207D pe2 (402 4 0P 453).
2 ——
=R,
=:C,
(167)

Set D,4wrH;.
O(r3Ag—3).

Step 2 (difference of inverses). By Taylor expansion of
1/(D; £ C, + Ry):

Then Ax = D, £C; + R, with R, =

1 1 1 1
- - R,/D?
AL A, D, -G Dr+c,+o( r/Dr)
2c
“ma +O(R,/D?)
2c Cc? _
— D; (1+ﬁ+O(A§‘T 8r4)) +O(R,/D?).

(168)
We compute the leading coefficient:
2C,  Ao(o—1)AS?(4wr)?

D? (4wrH)?

Ao(o—1)A92
(Hy)>
(169)

which is independent of r.

Step 3 (matrix element sum). By Lemma 3.12 and the
uniform bound |V.|? < 1/(4r%) of Theorem 3.10:

A, + B, 1
B Lavoem) a<r<m,
o > (170)
Z Ar +B 72L4+O(7f1 logn).

The logarithmic correction to the sum arises from
L (/(4R) /= (/)T 1/r =

O(ntlogn).

Step 4 (leading term).

Eq. (170) into S2'8:

_1)AC-2 2
Ao DA % +0(n" 3logn),

(171)

Substituting Eq. (169) and

Salg,leading _
! (H3)?
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where the error term absorbs the product of the co-
efficient |Ac(c — 1)|A~2/(H;)? = O(n"2) with the
O(n~!logn) error in the matrix-element sum Eq. (170),
giving O(n’=2-n"llogn) = O(n"3logn).

Step 5 (subleading corrections). The first subleading
2 3
26 G 25 We estimate its

correction in Eq. (168) is DF DI = pi
contribution:
2C3  2C, C? o 5 o4 5 a6
pi ~ pz pz = OWAT)Or AT = O A).
(172)
Multiplying by (A, + B,)/2 = O(1/r?) and summing over
r
A, +B, 2C3 tr—6 05

: =047 1=0(m""7). (173

Loy i =0 L1 =00, (179

Since 30 — 5 < 20 — 3 for all o € (0,1), this subleading
correction is absorbed into the stated error O(n27-3).

Step 6 (final form of S28). From Eq. (171) and Eq. (173),

and using H; = H, +O(1/n) and A5~2 = (dwn +
w2u+3))72 = (4wn)?2(1+0(1/n)):

gls _ Ar2o(1—0)

A VYT (4wn)’"2 + 0(n*3).

(174)

Part 2: Logarithmic contribution S.°5.

Step 1 (sum of inverses). From Eq. (168) and the parallel
computation for the sum:

1 1 1 1

— R,/D?) =
A7+A+ r—Cr+Dr+Cr+O( +/Dy)

2D, )

W'FO(Rr/Dr).
(175)

We compute:
D2 C2 - D, D2 (176)
1

2 204
2wrH} (1 +O(r Ay )> '
Step 2 (asymmetry of matrix elements). By Lemma 3.15,
forn > n<A4) and1<r< Ln/ZJ:

ot = A, — By = — 5 (1+ O(ar/n)).  (177)

4 4172
For r > |n/2], we use the cruder bound from Theorem
3.10: |ama| < 1/(2r2), which contributes O(n~2) to S)°8.
Step 3 (main contribution). Combining Steps 1 and 2:
[n/2] gmat 1

SE=Y.

(1 +O(PAY ™)) +0(n?)

= 2 2wrHj
(n/2]
= - 17
16wH; 2 ; ; (1+Olar/m)+ (178)
O(r*A¥=4) 1+ 0(n2). (179)

Step 4 (error analysis). The two error terms contribute:

ey, M/ = &1 — O(x). After the prefactor
a/(16wH;n?): O(n=2).
oy, DA 204y /20 O(n20-2). After the

prefactor: O(n?**~*). For ¢ € (0,1): 20 —4 < 0,
dominated by O(n~2) at leading order.

Hence the error terms are absorbed into O(n~2).

Step 5 (harmonic sum). The key identity:

55l L H), /5 = log(n/2) + v + O(1/n)
= 7 (180)
=logn +vg —log2+O(1/n).
The factor —log?2 arises from the upper limit |n/2] of

the sum; it would be absent if the sum extended to .

Step 6 (final form of Si°8). Combining Steps 3-5:

glog _ _a(logn + g —log?2) Lo ?),

181
" l6wH;; (n+1)2 (181)

The shift from 1 to (n + 1)? in the denominator is a harm-
less reparametrization that absorbs O(n~3) corrections.

Part 3: Combination and remainder.

Step 1 (combination). Adding Eq. (174) and Eq. (181):
Am?o(1 —0)

Er(zZ) _ S;illg + Silog = - (4wn)”2—
n
(logn + log?2) (182)
allogn + vg — log 203 -2
16wH; (n 1 1)2 +0(n* ")+ 0(n"").

This proves Eq. (157)—Eq. (158).

Step 2 (third-order remainder). The remainder O(7?)
involves the third-order coefficient

log 1 slog  /log it
Z‘£l3) Z Vi mG an log Z Vn?ng|2
mk#n (e” - Em) (e” - Ek m;én e"‘()1 83)

We bound the two terms separately. Using |V,f,,g\ <
1/(2|m — nl|) (Theorem 3.10) and |e;, — ey, | > 2w|m — n|
(Lemma 3.26), we write p =n—mandr =n — k.

(a) Triple convolution term. The first term in Eq. (183)
satisfies

1 1

¥ triple .
= = 32w? m%én |n —m|?|m — k||n — k|2

Writing p = n — m, r = n — k, the inner sum evaluates to

1
———— = O0(1/[p]),
r#0,r#p [r2|r — p| /1D

by partial-fraction decomposition of the composed Hilbert
kernel (equivalently, by iterated application of the discrete
Hilbert transform bound of [36, Ch. IX, Theorem 316]).
The outer sum then gives

|Z£l3),triple| < 2 _

1/w
e |P|3 -
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(b) Diagonal term. The second term in Eq. (183) satisfies

(3),diag log 1 1
> <1V . .
< W g T

By Lemma 3.7, [Vo8| = 1[¥(n+a +1) — logw|. Using
the asymptotic ¥(z) = logz + O(1/z) as z — oo and
|logw| < logn for w > 1/+/n (which holds for large
n), we have |V,e8| < Clogn for all sufficiently large n.
AlSO Y,z [n —m| ™ = 20(4) = m*/45 < co. Hence
=34 — O (logn/w?).

(c) Combination. Combining (a) and (b), |Z§,3)\ <
Clogn/w? for a universal constant C independent of
n and w (for n sufficiently large). The logarithmic factor
originates solely from the diagonal term V/8, not from
the triple convolution. Hence 7°EY = O(~y3logn/w?).

Remark on uniformity in n. The remainder
O(7®log n/w?) is uniform in + for fixed n but grows log-
arithmically in n. A sharper, n-uniform bound on the
second-order and higher-order corrections is provided
by the fixed-point formulation in Section 4.3.

Corollary 3.29 (Explicit formforoc =1/2) At ¢ =
1/2:

EﬁlZ),alg _ At

-3/2 —5/2
_m n +0(n logn) |

(184)

(2)log 7a(logn +vg —log?2) )
E, = T6wH: (1 £1)2 +0(n=°)| (185)

At o = 1/2: ¢(1—-0) = 1/4 and (4wn)=3/? =
$w=3/2n=3/2_ Substituting into Eq. (157):

A2

A 11 s s Am? ~3/2
24H2 18

768 w322

The error term is refined from the general O(n*—3) =
O(n~2) to O(n=>/2logn) by the refined analysis in Part
1, Step 3 (logarithmic correction to the sum of matrix ele-
ments). The form of Eq. (185) is identical to Eq. (158).

Remark 3.30 ( Refined error bound and conser-
vatism of Eq. (157)]

The error bound O(n??~3) in Eq. (157) is conservative
and uniform in o € (0,1). A closer examination of the
sources of error in Part 1 of the proof of Theorem 3.28
reveals the following hierarchy, ordered from largest to
smallest:

« Dominant error: the O(r/n) correction in the ex-
pansion of (A, + B,)/2 in Eqg. (170), together with
the Taylor truncation error from R, = O(r>A$~3),
contributing O(n"~3log n) to S3;

* First subleading error: the correction from the Taylor
remainder R,, given by C,R, /D3 = O(n?"~4);

« Second subleading error: the C3 /D correction in
Eq. (168), contributing O(n3°~?), as computed in
Eq. (173).

For every o € (0,1), all three errors are strictly smaller
than the stated bound O(n%7~3):

c—3<20—-3 (sinceo >0), 20 -4 <203,

30 —5<20—3 (sincecr <2).

We retain the conservative bound O(1n27~3) in the state-
ment of Theorem 3.28 because it is uniform in ¢ without
logarithmic factors and because all applications in this
paper use only the sign and leading order of E,(f)’alg, not
the precise subleading rate. At o = 1/2, the sharp bound
O(n~5/21ogn) is stated explicitly in Corollary 3.29.

Remark 3.31 (Hierarchy of the two terms) For o >
1/2, the algebraic term dominates (exponent o — 2 <
—1). Foro = 1/2, both terms are of comparable order
(n=3/2 vs n=21og n), with the algebraic term dominating
for large n. The algebraic term vanishes if and only if
A = 0, the logarithmic term is present for all A (including
A =0) and is proportional tow = yu +1/2.

4. CONVOLUTION OPERATOR AND
FIXED-POINT FORMULATION

In this section we develop the analytical tools needed
to formulate the eigenvalue problem for # (A, ) as a
fixed-point equation on a weighted Banach space, and
we prove existence and uniqueness of the solution. All
constants are explicit, and all proofs are self-contained.
The section is organized as follows: §4.1 establishes
the diagonal-difference estimate; §4.2 introduces the
convolution operator T and proves its boundedness via
the Schur test and Stein interpolation, together with the
Extended Convolution Lemma; §4.3 develops the fixed-
point formulation for n > 1; and §4.4 treats the case
n = 0 separately due to the index constraint s > 1.

4.1. DIAGONAL DIFFERENCE ESTIMATE

Lemma 4.1 (Diagonal difference bound) There
exists an explicit constant

1 1
Cvs (1 + @) ~ 0.8607, (186)

such that for everyn > 0 andr # 0 withn +r > 0:

1 1
|Vnigr,n+r - Vn%g| < CV log(2 + ‘1’|) (187)

Step 1 (exact expression). By Lemma 3.7, for every
k>0:

Vlog _

ok [¥(k+a+1) —logw], (188)

N =

where ¥ = I"/T is the digamma function. Taking the
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difference between k = n +r and k = n:

1
VoB iy — Vi = S¥@+r) —¥@),  antatl.

(189)
It suffices to prove the bound for r > 0 (the case r < 0

follows by antisymmetry of ¥(a + r) — ¥ (a)).

Step 2 (lower bound for a). Since n > 0 and o =
u+1/2>1a>a+1>2.

Step 3 (digamma asymptotic). From NIST DLMF [37,
§5.11(i), eq. 5.11.2]:

(o]

1 Boy
¥(z) = logz — - —
(z) = logz 2z mZ::l 2mz2m’

with Bernoulli numbers B, = 1/6, By = —1/30, Bg =
1/42, B = —1/30, B1g = 5/66. Subtracting the expan-
sionsforz=a+randz =a:

a+r 1

z2>0, (190)

1
+ S(a,r),

Y(a+r)—Y¥(a) =log p 2(a+r)+5
(191)

where
< By ( 1 1 )
S(a, L =]
(a,7) mX::l 2m \a?"  (a+r)2m
Step 4 (bound on S(a,7)). Sincea+r > a > 0, we

have a=2" > (a + r)~2™" for every m, so each term is
non-negative. Hence

S@n< Y

(192)

(193)

Using a > 2 (so a—2 < 1/4) and the numerical values
above:
1 1 1 1

1242 + 120a* 25240 + 24048

<ty 1y 1oy 1y
=48 11920 ' 16128 ' 61440

= 0.0208333 + 0.0005208 -+ 0.0000620+

0.0000163 + - - - < 0.0215 < i

|S(a,1)] +--

(194)

Step 5 (individual bounds).

+ Logarithmic term: log((a +r)/a) =log(l1+r/a) <
log(1+47) <log(2+7);
1 r

1 _ 1«1 (o
AT = Wt < 5p < g(sincer/(a+r) <1
and a > 2);

e S(a,r):|S(a, )| <1/4.

Step 6 (combination). For r > 0:

1 1 1
[¥at+r)—¥(a)| <log(2+7)+ ;+ =log(2+r)+ 3

5
(195)
Therefore
1 1 1 1
Vilir = Vit | < 5log(2+71)+ 5. (196)

Step 7 (conversion to Cy). Since log(2 + |r|) > log2

for |r| > 0:
1 1 1 10g(2 + 1")
Vi iy = V| < 5 log(2+7r) + “4log2 = Cylog(2+|r]),
(197)
where Cy = 1(1+ 21(}7) ~ 0.8607.
4.2. CONVOLUTION OPERATOR AND

WEIGHTED SEQUENCE SPACES

4.2.1. Weighted Sequence Spaces
Definition 4.2 (Space Y,) Fora € R:

Yo {u = (ur)rz0 + ully, Y 17| url? < 00}, (198)
r#0

with inner product (u,v)y, Yy |r|*us0;.
Definition 4.3 (Space Z;) Forn > 0:

n
Z/ = : ! L .
1 {u (”r)r?éo H””Z,7 S;‘;%) (log(2 + [1]))" |ur| < o0
(199)

This is a Banach space (closed subspace of (* after
weight transformation).

Lemma 4.4 (Embedding Z}, C Y;) There exists a con-
stant Comp =~ 583 such that

||u||Y2 < CembHu”Zé/ Vu € Zé' (200)

For u € Z} and every r # 0:

(log(2 + |r)))?

lur| < ””HZQ 2

Squaring and summing:

log(2 + |r[))4
luld, = ¥ 1Pl < flul, (log(2+r]))"

170 r#£0 r[?
(201)
The summand is even, so
4 =) 4
y (0@ Ir) ) $ (o2 +)* o

r#0 |I’|2

Using the elementary inequality (logs)* < (4/(e€))*s®
fors >1ande > 0, withe = 1/4:

(log(2 +1))* <16*- (2+1)1/* < 65536 - 31/4.
t4, > 1.

Hence

log(2 4
y~ U0BCH 1D ) gs536.31/4 . (7/4) ~ 2. 65536.

120 2

1.3161 - 1.9680 = 3.395 x 10°.
Therefore
l1e]ly, < v/3.395 x 105 ul| 5, =~ 582.7|[u]| 5, < 583][u]| ;.

v
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4.2.2. Working Constants and Convolution Operator
Definition 4.5 (Working constants) c,2w, Rw/2.

Definition 4.6 (Convolution operator) On sequences
U= (”V)V#O-'
(Tu),
T e
S#ETY
with T,s = 1/(|r||r —s|) forr # s and Ty, = 0.

r£0, (203)

4.2.3. Schur Test and Stein Interpolation

Theorem 4.7 (Schur test) Let K = (K,s) be a non-
negative kernel on a countable set I and p, > 0 weights.
IfC1,Cy < oo with

ZKrsPs < Clpr/ ZKrsPr < CzPs,
sel rel

then ||K||42_>42 < V(GG

Vr,sel,

(204)

For u € (?(I) and every r € I:

K1/2 ”s

Ku)[* = |} K 2ps/2 -
s

2
(ZKrsPs>
ug|? ug|?
(;Krs|ps> < Clpr ;Krs | Ps| .

Summing over r and using Fubini (all terms non-
negative):

Ps

2
u
nm@ngﬁiZmWSQ@ZMF=
s s r

S

C1Co |2

Taking square roots gives the result. v/

Theorem 4.8 (Stein interpolation) Let S = {z € C :
0 < Rz <1} and {1 },es analytic with || Tiz|| 2,2 < My
and | Ty it e < My forallt € R. Then || Tyl 2_y 2 <
My OME.

See [30, Chapter V, Theorem 1.4] or [31, Section 1.18].
4.2.4. Closed Forms for F(r) and G(r)

Lemma 4.9 (Closed forms for F(r) and G(r)) For ev-
eryr > 1:

(2)
1 2H, 2H; 3

F —_ _— 2

(r) S;’) s2|r —s| 2 + r r3 (205)
S#ET
4:Hr 2

(n) 22 2

|s||r—s\ r r2’ (206)

s#£0
s#r

where H, =Y _41/k andH =Yi41

Part A: G(r). Split the sum into three regions.

Region I (1 <'s <r—1). Using ﬁ =14+ Ly

171 /1 1 2H, 4
Q—;Z(§+pﬂ)—‘7<

s=1

Region Il (s > r +1). Using s(s% =1L -1y

1 1 N 1 1
GH—*Z ( )Z*lim Z < 77).
"S5 s—r s " N—oo = s—r s

The finite sum telescopes:

() n e

j=1 ] s=ma S
As N — co: Hy_, — Hy = — ]N:N,ml/j — 0 (each
term is O(1/N), and there are r terms). Hence Gy =
H,/r.

Region Il (s = —k, k > 1). Using 1 = 1 (1 — 1)

r*(HN*

(r+k) — r+k
1& /1 1\ _H
(m_rgxk_H%>_r'
Combination.
Gy = M= B He 2Hi +2Hr
r r r r
—2/r:4Hy_£2. v
r r r
Part B: F(r).

Regionl(lSsSr—l).Writeﬁ:%(5%4— ! ):

H®
F= r—1 + 2Hr—1.

r 72

Region Il (s > r+1). Write s = r + j with j > 1. Using
i i 1 _1(1_1 1.
the partial fraction il (7 - m) pEaeE

2
FH:E*1<£*H£2)>~

2 r\ 6
Region il (+ = —k k > 1. Wite plp =
1(1
(kiz_i r(r+k))
m? H,
b = o 2

Combination. Adding:

( ) (2)
1+ HS 2H, 2
F=—""F—"+7% +Ga+a>
2H® —1/12  2H, —2/r

= =+ 5

r T
_2H, 2H® 3 p
o2 r r3

Remark 4.10 (Numerical verification) Afr =2: H, =
3/2, HY) =5/4.G(2) =4-(3/2)/2—2/4=3-05 =
2.5. F(2) =2(3/2)/4+2(5/4)/2—-3/8=3/4+5/4 —
3/8=13/8 = 1.625.
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4.2.5. Sharp Tail Estimate
Lemma 4.11 (Sharp tail estimate) For every n > 1
and M > 1:

5 (08259 _ (o 02+ M)

ES Vil (207)

s>M

Aty =2:Chil <2,

We prove the case 1 = 2. Let f(t) = (log(2 +t))? /3.
Step 1 (integration by parts). With u = (log(2 + ))?
and dv = t3dt:
©  (log(2+ M))? /oo log(2+1t)
/M f= 2M2 Y 2(2+t) at.
Step 2 (bounding the remaining integral).
1/(2+1t) <1/tfort>0:

/°° log(2+1) it
M t2(2+1t)

(208)

Since

< / wdt
M t
log(2 + M) 1
< .
- 2M? 4M?
Step 3 (combination).
o (log(2 + M))?>  log(2+ M) 1
< .
./M f==ae tToae Toe
Step 4 (integral comparison). Since f is decreasing for
t>1:

(209)

¥ fe < fon+ [ .

s>M
Step 5 (case M > 2). Substituting:

log(2+ M))2  (log(2+ M))?
Zf(s)ﬁ( g(}\; ) +( g(zzaz )

s>M
log(2 + M) 1
2M2 aM2’

+

Dividing by (log(2 + M))?/M?:
1 1 1

< 44 -
R(M) = M+2+210g(2+M)

+

1
4(log(24+ M))?

Step 6 (case M = 1). Partial sum: 1.20695 + 0.24023 +
0.09594 = 1.54312. Tail estimate from s = 4: 0.05016 +
0.17195 = 0.22211. Total: 1.76523 < 2(10g3)2 = 2.41390.
v

<1.4908 < 2.

Lemma 4.12 (Improved ], bound) Foreveryr > 1:

Jr < 1.05r.

r/2<|s|<2r,s#r

] (210)

Split J = ;" + ]
Positive part. Split into two groups:

Hence J;" = H,_|,/2)—1 + Hy-1.
Negative part. Withs = —k, r/2 < k < 2r:

L <log2.

Jr = r+k—

r/2<k<2r

Direct verification for r € {1,...,10}:

r JF I Jr (vs. 1.05r)
1 0.5 0 0.5 <1.05
2 1.25 0.45 1.45 <210
3 2.5 0.6345  3.1345 < 3.15
4 28333 0.5699  3.4032 <4.20
5 35833 0.6587  4.2420 < 5.25
6 37833 0.6105 4.3939 < 6.30
7 42833 0.6687  4.9521 < 7.35
8 44262 0.6311 5.0573 < 8.40
9 48012 0.6743 54755 <9.45
10 49123 0.6434 5.5557 < 10.50

General case r > 11.
1/(2m):

Using Hy, < logm + g +

1 1
-2 -1 Tar=n "
logZ < 210gr +1.1544 + 0.1 + 0.05 + 0.6932
= 2logr + 1.9976.

Jr < 2logr+2vg + 3

Atr = 11: 6.7934 < 11.55. The function g(r) = 1.05r —
2logr —1.9976 is increasing for » > 2, and g(11) > 0, so
g(r)>o0forallr>11. v

4.2.6. The Quantities S, and S,
Lemma 4.13 (The quantity S5)

_ 2
Sy (1()5;(2573—&—5)) < 1.80.

s>1

211)

Partial sum to s = 5: 1.62357. Tail from s = 6: 0.14786.
Total: 1.77143 < 1.80. v/

Lemma 4.14 (The quantity S,)

52Y (k’g(zs%))z <892, (212)

s>1

Partial sum to s = 10: 2.76132. Tail from s = 11: 1.52700.
Total: 4.28832, hence S, = 8.57664 < 8.92. v

Remark 4.15 (Distinction between S, and S,) S, and
S, differ in the power of s in the denominator.

4.2.7. Extended Convolution Lemma
Lemma 4.16 (Extended Convolution Lemma) For
everyn >1andr #0:

o 1082 +1r)"

e GroupA:r/2 <s<r.Setm=r—s,501<m< 27(1°g(2+|5|))7 < (213)
r—|r/2] —1. o Islr—s 1 Ir|
e GroupB:r<s<2r.Setm=s—r,s01 <m < S7T
r—1. Aty =2:CH <224.
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Fix » > 0. Split into three regions.
Region 1 (|s| < r/2). Then |r —s| > r/2:

1) 25, _ 2-892 (log(2+71))*
T (< r = (log3)? r

2

= 14.78 - w.

Hence C") < 14.78 < 15,
Region 2 (r/2 < |s| < 2r, s # 1). g(x) = (log(2 +
x))?/x? is decreasing, so for |s| > r/2:
4(log(2+71))? 4-1.05(log(2 +71))?
=2 (r) < ( g(rz ) < ( rg( )
(log(2+71))?
; .

=42.

Hence Céz) <42,
Region 3 (|s| > 2r). Then |r —s| > |s|/2:

®) () < (log(2+5))* _ , , (log(2+2r))?
5,7 (1) _45; 3 <42 @2
2(log(2 +2r))?
The ratio (log(2 + 2r))?/(r(log(2 + r))?) is decreasing
forr > 1;atr = 1: (log4)?/(log3)? = 1.5923. Hence

o 2-1.5923(log(2 + r))?
- r

= 3.1846 -

=7 (r)

Hence C{¥ < 3.1846 < 3.19.
Combination. C¥ < 14.78 + 42 +3.19 = 22.17 < 22.4.
v

Remark 4.17 (Conservative bound) We adopt CJ <
22.4 for downstream estimates.

4.2.8. Optimal Schur Weights and Exact Bounds
Theorem 4.18 (Exact values of C; and C,) With
Schur weight p, = 1/r|:

Ci=supG(r) =G(2) = g, Cy = supsF(s)

- - se07 Z1Y
= 5F() = T500°
Hence
/33485
IKll2mye < V/Ci1Ca = ~3.0498.  (215)

60

Part 1 (C; = 5/2). From Lemma 4.9, G(r) = 4H,/r —
2/72.

Direct values forr < 5: G(1) =2, G(2) =25, G(3) =
20/9 &~ 2.222, G(4) = 47/24 ~ 1.958, G(5) = 131/75 ~
1.747.

Monotonicity forr > 5. G(r +1) — G(r) = f(r)/(r*(r +
1)2), f(r) = 4r* +4r+2—4H, -r(r+1). f(5) = —152 <
0. f(r+1)—f(r) =4 —8(r+1)H, < O0Oforr > 5
(since 8(r +1)H, > 8-6-Hs ~ 109.6 > 4r = 20).
Hence f(r) < 0 for r > 5, so G decreasing on [5, o).
sup,~; G(r) = G(2) =5/2. v

(log(2 + r))z.

Part 2 (Cy). sF(s) = 2H,/s +2H'? —3/s2.

Direct values: h(1) = 1, h(2) = 3.25, h(3) = 3.6111,
h(4) ~ 3.7014, h(5) = 6697/1800 ~ 3.7206, h(6) ~
3.7161, h(7) ~ 3.7032, h(8) ~ 3.6874.

Monotonicity fors > 5. h(s +1) — h(s) = —2H;/(s(s +
1)) +1/(s+1)2+3/s> < 0 for s > 5 (verified via
—0.5667s% +1.4333s +3 < 0 for s > 4). Hence
sup,~4 h(s) = h(5) = 6697/1800. v’
Part 3 (norm). |[K| < +/(5/2)(6697/1800) =
v/33485/60 ~ 3.0498. v’

Theorem 4.19 (Improved boundedness of T) For ev-
erya € (0,2], |T|y,—y, < 3.05.

Stein interpolation with My = M,; = 3.0498; unitary
equivalence.

Lemma 4.20 (Unitary equivalence) U,v,|r|~*/?0,
unitary 2 — Y,; KW = U 1TU,.

Direct computation.

4.2.9. Analytic Family
Definition 4.21 (Analytic family)
K£§>|r|z/2_1\s|_z/2|r —s| L forr #s, K£f> =0.

Lemma 4.22 (Analyticity and boundary bounds) (a)
Entire. (b) |[KUT|| = KO, [KETD| = |[KP. (c)
1K@ < max([[KO], [|K@)]).

Direct computation.

4.3. FIXED-POINT FORMULATION (1 > 1)

4.3.1. Setup
o€ (0,1),p>1/2,w >0, |A| < Agap/2, |7| < w/175.
en = An+AAY, Ay =4dwn+ w(2u +3).

4.3.2. Effective Energy and Composite Gap
Definition 4.23 (Effective energy and composite gap)
Skek + WV;:;fg: Dy (F)gn+r — gn — F.

Lemma 4.24 (Composite gap at o = 1/2) For every
n>0,r#0,|F| <R:

IDur(F)| = 2lr] + 5. (216)

At|r| = 1:|D,1(F)| > 2.99w.

Reverse triangle inequality: Terms 1 (dwlr|), 2 (<
wlr|/2), 3 (< 0.0054w|r]), 4 (< w/2). Sum: 3.4946w|r| —
w/2 > 2wlr|+w/2for |r| > 1. At |r] = 1: 2.9946w >
2.99w. v’

Theorem 4.25 (Generalized composite gap) Under
(H1)—(H3) with o € (0,1): |Dp,(F)| > 2w]r| + w/2.

Same decomposition; Term 2: |A|cAJ ! - dw|r| <
wlr|/2.
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4.3.3. Ansaiz and Fixed-Point Equation 4.3.7. Existence of F, and Implicit Equation
Forn > 1, |F| <R, ansatz ¢ = ¢, + Y £0,n4r>0 UrPntrs Lemma 4.38 (Disk preservation) |®,(F)| < 1.26 x
E = gu + F. Projecting: 1075w < R.
(Snir—gn—Fur = V%, —4 Y. V% . u.| Theorem 4.39 (Existence of F,) Unique F, = ®,(F,),
s#rnts>0 |Fy| <1.26 x 107 %w.
(217)

Banach.
Definition 4.26 (Sc1>urce and linear operator)
(An(F))r — 7Vn?:§+r/an,r(F)’ (Bu(Fu)r  — Remark 4.40 (Iteration) F*t1) = @, (F)), rate 107°.
YDy (F) 7 S tr >0 Vit g sUs- Fixed-point:
u = A, (F)+ By(F)u. Remark 4.41 (Truncation error) «,, =

56CE(v P2 fey = 56 - 224/(2 - 17%)w  ~
4.3.4. Estimates 2.05 x 10~ 2w. Fore = 1071, Rpax ~ 3.4 x 107.
Lemma 4.27 (Estimate of A, (F)) |(An(F));| < o ]
\'yl/(ZerZ), HAn(F)Hzg < 0415|7|/ce. Theorem 4.42 (Exact implicit equation)

1

[(Au(E))rl < Iv[(1/2I)/ (calrl) = 7]/ (2e0r?). En=gu+Fo=en+7Vaw +Fy, Fu=®u(Fy).
Norm: 1/(2(log3)?) = 0.4143 < 0.415. (218)

Lemma 4.28 (Pointwise bound for B, (F)) Eigenvector € D(Oy).

Is1))2/ (Is?|r — s1).

Lemma 4.29 (Convolution bound) Sum < C¥(log(2+ Corollary 4.43 (Uniqueness) E, unique in
7))/ ||, C < 22.4. g0 — R, gn +R].

Proposition 4.30 (Contraction of B, (F)) 4.3.8. Analyticity

1Ba(F)l 7524 < 112}/ ce < 0.032. Theorem 4.44 (Analyticity of £, (A, 7)) Analytic ~ on
Combine and take sup. P{IA] < Agap/2, || < w/175}.

Three stages. Stage 1: gi affine. Stage 2: resolvent
analytic via Neumann series. Stage 3: implicit function
theorem (Zeidler, Berger).

4.3.5. Existence of u,(F)

Theorem 4.31 (Existence and uniqueness) For
every n > 1, F € [-R,R|, unique u,(F) € Z} with
Un(F) = An(F) + Bu(F)un(F). Theorem 4.45 (Second-order expansion) E, = ¢, +
Banach. VI8 | 72E§,2) +O(+3) with E'?) from Theorem 3.28.

Theorem 4.32 (Pointwise decay) |u, ,(F)] THE C 0
Caee(10g(2 + [11))/[7[2, Caec = 0.429]y|/ca. 4-4- THE LASEn =

IN

lun|| < 0.4143|7|/(0.968c,) = 0.4280|y|/co < Index constraint s > 1.
0.429|7|/ cw-
L 4.33 (Lipschitz of F = < 4.4.1. Composite Gap atn =0
emma /' (Lipschitz O,Zn) e (F) — un( )HZé = Lemma 4.46 (Composite gap at n = 0) Foreveryr >
Lu|F7F ,Lu:574><10 /COJ- 1! |F| §R|D0,7(F)| ZZCUT“F(U/z
[|lul, || < 1.0331(0.1854 + 0.00998) ||/ c2, = 0.2019]7| /2,
Ly = 0.2019/(350c) < 5.74 x 104 /¢, Same as Lemma 4.24.
4.3.6. Consistency Function ® 4.4.2. Source and Contraction at n =0
)V n
Definition 4.34 (Consistency function) ;‘;’;‘1"13 4.47 (Improved source bound) |[Ao(F)l|z, <
1 . .
@, (F)y Zr;éo,nJrrzO Vn(,)11g+run,7(F)' 7/ew
Lemma 4.35 (Bound on ®,) |®,(F)| < 0.772|v|*/cew- \Vé‘;g\z < 1/(4r3); sum < {(3)/4 ~ 0.3005; ratio
Direct computation. V/32(3) /72 ~ 0.6045; || Ag|| < 0.6045 - 0.415|7|/c =
0.251|y|/cw-

Lemma 4.36 (Lipschitz of ®,) |®,(F) — ®,(F)| <

295 x 107|F — F'|. Proposition 4.48 (Contraction of By (F))

17| LS, = 2.95 x 107°. 1Bo(F)ll 24z, < 0.032.

Remark 4.37 (Uniformity) Uniforminn > 1. One-sided sum < full sum.
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4.4.3. Existence atn =0
Theorem 4.49 (Existence of uy(F)) Unique uy(F) €
Z} with |ug,(F)| < Cyec(log(2+7))2 /7%

Banach.
Lemma 4.50 (Lipschitz of 1) L") = 6.7 x 1074 /c.
Same as Lemma 4.33.

Remark 4.51 (Relationto L,) 6.7 x 107% vs 5.74 x
1074

Theorem 4.52 (Existence of Fy) Unique Fy =
|Fo| <1.26 x 1075w

Dy (Fy),

Lip(dy) < 345 x 1076 < 1.

Theorem 4.53 (Implicit equation at n = 0)

1
Eo=go+Fo=eo+vVy® +F, Fo=®o(F).

219)

Same as Theorem 4.42.
Remark 4.54 (Constants) Exceptions: Ll(,()),
Lip(®p) < 3.45 x 107°.

Remark 4.55 (Geometric meaning) One-sided sums;
constants essentially unchanged.

5. DISCUSSION AND CONCLUSION

In this final section we summarise the results, compare
them with the existing literature, present potential appli-
cations, and list open questions.

5.1. SUMMARY OF REsSuLTS

We have provided a complete spectral and perturbative
analysis of the operator

H(A,v) = Og+ AOF + ylogx, 0<o<1, (220)

on the half-line L?(0, o), where Oy is the conformally
invariant Schrédinger operator with singular Coulomb
potential and harmonic confinement

_ & p(p+1) 2.2
(’)0——@+T—|—wx,

u>1/2, w>0.
(221)
Our results comprise the following eleven components,

all with explicit constants.

(1) Explicit spectral analysis of Oy,. The base oper-
ator Oy is self-adjoint on D(Oy), has purely discrete
spectrum, and admits the orthonormal eigenbasis

Pulx) = Nx 2 AL ),
Ap = 4wn + w(2u + 3),

where a =y +1/2 and NV,
This is Theorem 2.13.

= 2w Inl/T(n +a +1).

(2) Uniqueness of the self-adjoint extension. The
limit-point nature of both endpoints (Lemma 2.25) forces

omin — omax — OF = O, (223)

including domains. This is Corollary 2.26 and Theorem
2.30.

(3) Relative boundedness with zero relative bound.
Both perturbations satisfy, for every e > 0,

105 f1l < el Oofll + Cell £, (224)
log x - f| < ellOofll + CElI £l (225)

for all f € D(0y), with explicit constants C? =

max(0, suptZAo(tZU —€%t?)) and C. = /L(ZS/M +€2/4.

These are Theorems 3.1 and 3.3.

(4) Self-adjointness of the full operator. By the
Kato—Rellich theorem, # (A, ) is self-adjoint on D(Oy),
bounded from below, with purely discrete spectrum. This
is Proposition 3.5.

(5) Closed-form matrix elements. The logarithmic ma-
trix elements V,l,fng = (¢m,logxp,) admit the explicit
expressions

Vios — 1[W(n +a+1)—logw), (226)

vlos _ max(m min(m,n) +a+1)
m 2|m—n| min( max(m,n) +a+1)’
(227)
m#n, (228)

where ¥ = I /T is the digamma function. This is Lemma
3.7.

(6) Uniform bound and regular expansion. The matrix
elements satisfy the uniform bound

|V10g 1

nn+r| — MI (229)

(Theorem 3.10) and the regular expansion

1 —a _
Wik P = s (14 1) T a 0w ™), (230)
uniformly in » € [1, n] (Lemma 3.12). The matrix-element

difference satisfies

1 1
5mat |Vn01§ r ‘2 |Vn0ng+r|2 =

—4"‘?(1 +0(ar/n)),

(231)
exhibiting the asymmetry between [V,%6_| and |V, 8, ,
(Lemma 3.15).

(7) Complete second-order expansion. The n-th eigen-
value admits the expansion

En=ea+ VB +7°EP +0(y%),  (232)
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&

where

@) A?o(1— o) oo a(logn+ g —log2)
g = Ao =0) o2
24H2 T6wH; (n + 1)2

+0(n*"73) + 0(n2).

(233)
Here Hy, = 1+ Ac(4wn)’ ' and H = 1+ AcAJ! =
H, + O(1/n). The algebraic term vanishes when A = 0;
the logarithmic term is present for all A and is proportional
to a. This is Theorem 3.28.

(8) Boundedness of the convolution operator. The
convolution operator T introduced in Definition 4.6 satis-
fies

IT[lv,~v, <3.05 (234)

for every a € [0,2] (Theorem 4.19), and the Extended
Convolution Lemma holds with C¥ < 22.4 (Lemma 4.16).

(9) Fixed-point formulation. The eigenvalue problem
for H(A, ) reduces to the contraction equation

1 = An(F) + Bu(F)u (235)

on the weighted Banach space Z5, with || B, (F) Hz;—>z; <
0.032 (Proposition 4.30). Consequently, the n-th eigen-
value satisfies the exact implicit equation

E, = n +F, =ey +')/Vrlzong+Fn/ F, = q’n(Fn)/

(236)
with Lip(®,) < 2.95 x 107° and |F,| < 1.26 x 107w
(Theorem 4.39). The case n = 0 is treated separately
with the same constants (Theorems 4.52— 4.53).

(10) Analyticity of the eigenvalues. The function
(A, ) = En(A,7y) is analytic in a neighborhood of (0,0)
containing the polydisc

w

A
_ 2. gap
P—{(/\,W)GJR Al < =5, Jy] < 175}. (237)

This is Theorem 4.44.

(11) Generalization to ¢ € (0,1). The composite gap
|Dpr(F)| > 2wl|r| + w/2 holds uniformly in ¢ € (0,1)
(Theorem 4.25).

Summary of final constants.

+ Cy = 0.8607 (digamma difference constant, Lemma
4.1);

« C1 =5/2,Cy = 6697/1800, ||K|| < /33485/60 =~
3.0498 (exact Schur constants, Theorem 4.18);

. Cgaﬂ = 2 (sharp tail constant, Lemma 4.11);

« CB < 224 (extended convolution constant, Lemma
4.16);

* ||Bu(F)|| < 0.032 (contraction constant, Proposition
4.30);

* Cgec < 0.429|7|/c, (decay constant, Theorem
4.32);

« L, = 574 x 1074 /c,, (Lipschitz constant, Lemma
4.33);

* ||®ulleo < 0.772|7|%/ ¢ (consistency bound, Lemma
4.35);

* Lip(®,) < 2.95 x 107® (Lemma 4.36);

« |Fy] < 1.26 x 1072w (correction size, Theorem
4.39).

5.2. COMPARISON WITH THE LITERATURE

Our results complement and extend several classical
bodies of work.

Kato’s perturbation theory. The classical Kato—Rellich
theorem [1] provides a general framework for relatively
bounded perturbations with relative bound less than one.
However, it does not provide explicit constants in specific
applications, and it does not directly address the case
of fractional powers or logarithmic operators. Our contri-
bution fills this gap by providing the explicit constants C,
and C. (Theorems 3.1 and 3.3).

Reed-Simon spectral analysis. The standard treat-
ment of confining Schrédinger operators [2—4] yields dis-
creteness of the spectrum and completeness of eigen-
functions, but does not resolve the interaction of the
eigenvalue problem with logarithmic perturbations, which
is central to our analysis.

Sturm-Liouville theory. The reduction of Oy to La-
guerre’s equation is classical [21-23]. Our novel step is
to exploit the explicit eigenbasis to obtain closed-form
expressions for the logarithmic matrix elements in terms
of the digamma function (Lemma 3.7) and to derive the
complete second-order expansion (Theorem 3.28).

Schur test and Stein interpolation. The Schur test [29]
is a classical tool for boundedness of integral operators.
Our combination with Stein interpolation [30, 31] on a
family of weighted kernels allows us to prove bounded-
ness of the convolution operator on a scale of spaces Y,
uniformly in « € [0,2] (Theorem 4.19). We further exploit
the optimal Schur weight p, = 1/|r| to obtain the exact
values of the row and column constants C; = 5/2 and
Cp = 6697/1800 (Theorem 4.18), which improve signifi-
cantly over the crude bounds obtained with the standard
weight p, = |r|~1/2.

Relation to [24]. The base operator with a single log-
arithmic perturbation was studied in [24] using WKB
asymptotics with the Langer correction [25, 26]. That
work established self-adjointness, purely discrete spec-
trum, a sharp asymptotic expansion, a modified Weyl law,
and the associated Green'’s function. Our paper extends
that work in three directions:

(i) We add a fractional perturbation AOf with 0 <
o<1,

(i) We replace the WKB-based analysis by a rigor-
ous fixed-point formulation based on Kato—Rellich
theory [1, 27, 28], the Schur test [29], Stein inter-
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polation [30, 31], and the analytic implicit function
theorem [57, 58];

(i) We establish analyticity of E, (A, ) with explicit
radius, derive the complete second-order expansion
with both algebraic and logarithmic corrections, and
generalize the composite gap to all o € (0,1).

The constants obtained here are substantially sharper:
for example, the contraction constant is 0.032 (versus
1/4 in earlier versions of the same program), and the
extended convolution constant is Cg < 22.4 (versus 175).

Consistency with recent developments. Our results
are consistent with recent advances in fractional op-
erators [7, 38] and extend the analysis of fractional
Schrddinger equations [8, 11, 12]. The modern literature
on spectral asymptotics [39-49] confirms the relevance
of the explicit-constant approach developed here. In par-
ticular, the sharp semiclassical spectral asymptotics of
Mikkelsen [39] and the analysis of negative spectrum by
Read [40] provide complementary perspectives on the
eigenvalue distribution for Schrédinger operators with
singular potentials.

Novelty. To the best of our knowledge, this is the first
time the following results are obtained simultaneously for
an operator combining fractional and logarithmic pertur-
bations with a singular Coulomb potential:

(1) An explicit closed-form formula for the logarith-
mic matrix elements V% (Lemma 3.7);

(2) An exact fixed-point formulation of the eigen-
value problem with a uniform contraction constant
0.032 (Proposition 4.30);

(3) A complete second-order expansion with both al-
gebraic and logarithmic corrections (Theorem 3.28);
(4) A rigorous proof of analyticity of E, (A, y) (Theo-
rem 4.44),

(5) Explicit numerically usable constants for the
eigenvalues and eigenvectors (Theorems 4.39 and
4.42);

(6) Generalization of the composite gap to all o €
(0,1) (Theorem 4.25).

5.3. POTENTIAL APPLICATIONS

(1) Numerical computation of eigenvalues. The im-
plicit equation Eq. (236) provides an explicit iteration

Fk+D) = @, (FK), FO) —, (238)

converging at rate Lip(®,) < 2.95 x 107 (Lemma 4.36).
Three iterations suffice for numerical accuracy of order
10~ 8w (Remark 4.40). The correction size |F,| < 1.26 x
10~%w (Theorem 4.39) provides a rigorous a priori error
bound for the eigenvalue approximation E,, ~ e, + 7 Vio8.

(2) Quantum field theory on curved backgrounds.
The operator H(A,y) arises as an effective generator

in de Sitter-like geometries [20], where the fractional
power OF and the logarithmic term + log x model anoma-
lous scaling corrections. The analyticity result (Theorem
4.44) guarantees perturbative expansion in the coupling
constants, which is essential for renormalization group
analysis.

(3) Stochastic analysis. Kolmogorov—Feller generators
with logarithmic drift [18, 19] fit the general structure
of H(A,y) with o depending on the anomalous diffu-
sion exponent. The explicit spectral gap |D,,,(F)| >
2w|r| + w/2 (Theorem 4.25) translates into an explicit
exponential convergence rate to equilibrium for the asso-
ciated semigroup.

(4) Integrable systems. The modified Calogero—
Sutherland model in the one-dimensional case [14-17] is
closely related to Og, and our results extend the spectral
analysis to a perturbed version of this model. The closed-
form matrix elements (Lemma 3.7) are particularly useful
in this context, as they allow explicit computation of cor-
relation functions.

(5) Rigorous perturbation theory. The method devel-
oped here (closed-form matrix elements combined with
a Schur/Stein interpolation argument) can be adapted
to other unbounded perturbations whose kernel exhibits
controlled decay. The key ingredients are:

« the existence of an explicit orthonormal eigenbasis;

+ a slow (power-law) decay bound on the matrix ele-
ments;

« a summable weight that makes the associated con-
volution operator bounded.

The general framework is illustrated by the fixed-point
formulation on the weighted space Z/ (Definition 4.3).

5.4. OPEN QUESTIONS

We conclude with a list of open questions that naturally
arise from the present work.

(1) The case u < 1/2. The domain condition f/x? € L?
becomes problematic at 4 = 1/2 and fails entirely at
u < 1/2. It would be interesting to extend the analysis to
the borderline case y = 1/2 (where uniqueness of the
self-adjoint extension still holds) by relaxing the domain
condition to D(OF*), and to the limit-circle case u <
1/2 by selecting an appropriate boundary condition. In
both cases, the eigenfunctions remain well-defined, but
the domain of the operator requires careful analysis.

(2) Large logarithmic coupling. The contraction thresh-
old |y| < w/175 is restrictive. What happens when ||
exceeds this value? We expect the fixed-point operator
to lose contraction, possibly leading to symmetry break-
ing or resonance phenomena. A natural conjecture is
that the spectrum undergoes a phase transition at some
critical value v, > w/175.
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(3) Full fixed-point formulation for general ¢ € (0,1).
While the composite gap (Theorem 4.25) and the second-
order expansion (Theorem 3.28) are established for all

€ (0,1), the contraction estimates in §4.3 and §4.4 are
derived under the specific assumption ¢ = 1/2. Extend-
ing the full fixed-point formulation (including the values
of all constants) to general o € (0,1) requires a more
careful analysis of the o-dependence of the quantities
H,,, the composite gap, and the consistency function ®,,.

(4) Sharp constants. Some of our constants (e.g.,
Cg < 22.4 versus the sharper 22.2 noted in Remark 4.17,
or Cemb = 583 versus the true embedding constant) are
conservative. Improving the calibration of these con-
stants, particularly the threshold 'y(s)harp = w/175, is a
natural next step. The optimal threshold is presumably
determined by the spectral properties of the fixed-point
operator B, (F) rather than by the crude Schur test esti-

mates used here.

(5) Extension to higher-order expansions. Theorem
3.28 provides the second-order correction E,ﬁz). A nat-
ural extension is to compute the third-order correction
E,<13), which would require a more delicate analysis of the
triple convolution Z,(f’) defined in Eq. (183). The methods
developed here (partial-fraction decomposition, discrete
Hilbert transform) suggest that the third-order correction
admits a similar closed-form structure, with contributions
from both the algebraic and logarithmic terms.

(6) Analyticity radius. Theorem 4.44 shows that the
polydisc P is contained in the domain of analyticity. Is P
maximal, or can the radius be extended? The constraint
|7| < w/175 arises from the contraction estimate, not
from a genuine singularity of the eigenvalue function. It is
plausible that the true radius of analyticity is determined
by the first eigenvalue collision or the first singularity of
the resolvent.

5.5. CONCLUSION

We have established a complete spectral and pertur-
bative analysis of the operator (A, ) on the half-line,
combining fractional and logarithmic perturbations with
a singular Coulomb potential and a harmonic confine-
ment. Our approach yields explicit, numerically usable
constants and provides a constructive fixed-point formula-
tion of the eigenvalue problem. The results open several
directions for further investigation, including the border-
line case p = 1/2, the large logarithmic coupling regime,
and the general ¢ € (0,1) case for the full fixed-point
formulation.

The methodology developed in this paper — combining
the explicit Laguerre eigenbasis, closed-form matrix el-
ements in terms of the digamma function, Schur/Stein
interpolation for the convolution operator, and the ana-
lytic implicit function theorem — provides a template for
rigorous perturbation theory of singular Schrédinger op-

erators with unbounded perturbations. We hope that
these techniques will find applications in related prob-
lems, such as random Schrédinger operators with loga-
rithmic correlations, or the spectral theory of fractional
powers of confining operators on more general domains.

A. CONSTANTS AND TABLES

A.1. TABLE oF MAIN CONSTANTS

A.2. NUMERICAL CONSTANTS

A.3. DEPENDENCE OF THE CONSTANTS ON w

The dependence of the constants on w (with |y| =
w/175) is summarized in Table 3 in §2.1.5. The key
points are:

+ Constants derived from the fixed-point structure
(IIBx|l, Lip(®y)) are independent of w thanks to
the calibration 'ygharp = w/175;

- Constants derived from the gap (||Axll, Caecr Lus
||®, ) scale inversely with cw;

» Constants Cy, Cy, Cy, ||K||, CE, C&, S5, S2, Cemb
are independent of w (dimensionless or depending
only on the structure of the operator).

A.4. VERIFICATION OF NUMERICAL BOUNDS

We provide numerical verifications of the standard con-
stants used in the estimates.

Verification of log3 < 1.0987. The partial sum of the
exponential series Y.}, u*/k! at u = 1.0987 exceeds
3.00002 > 3, hence log 3 < 1.0987.

Verification of . Using the Euler—Maclaurin formula
at n = 10: Hyp = 7381/2520 ~ 2.9289682. Hence y¢ €
(0.5764,0.5773).

Verification of {(3/2). Using partial sums up to N = 10:
S10 &~ 1.9953. With integral tail: {(3/2) ~ 2.6124.

Verification of {(3). Using partial sums up to N = 10:
S10 &~ 1.1975. With Euler—Maclaurin tail: {(3) ~ 1.2021.

Verification of {(7/4). Using partial sums upto N =
10: Sy9 &~ 1.7338. With Euler—Maclaurin tail: {(7/4) ~
1.9680.

A.5. SUPPLEMENTARY DERIVATIONS

A.5.1. Derivation of A*
See the end of §2.1.4.

A.5.2. Derivation of Cy
See the proof of Lemma 4.1.

A.5.3. Derivation of C8
See the proof of Lemma 4.16.
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Table[4]: All explicit constants used in the paper. The classification follows the conventions stated at the beginning of Section 2:

exact/sharp values, rigorous bounds, and working bounds derived from the fixed-point structure.

Constant

Value / Bound

Location

Cy (digamma difference)

C1 (Schur row)

C, (Schur column)

IK|| (Schur norm)

ITllv, -,

CHil (tail constant)

CB (extended convolution)
S, (logarithmic sum, s—3)

S, (logarithmic sum, s—2)
Cemb (€embedding)

||Bx(F)]|| (contraction, n > 1)
|IBo(F)|| (contraction, n = 0)
Cec (decay)

0.8607 (sharp)

5/2 = 2.5 (exact)
6697/1800 ~ 3.7206 (exact)
< V/33485/60 ~ 3.0498
< 3.05

<2

< 22.4 (sharp ~ 22.2)
< 1.80

< 8.92

~ 583

< 0.032

< 0.032

< 0.429|7|/cw

Lemma 4.1
Theorem 4.18
Theorem 4.18
Theorem 4.18
Theorem 4.19
Lemma 4.11
Lemma 4.16
Lemma 4.13
Lemma 4.14
Lemma 4.4
Proposition 4.30
Proposition 4.48
Theorem 4.32

L, (Lipschitz, n > 1) <574 x107%/cy Lemma 4.33
L' (Lipschitz, n = 0) <67x104/cy Lemma 4.50
|®x | (consistency) < 0.772]7|%/ cw Lemma 4.35
Lip(®,) (n > 1) <295 x107° Lemma 4.36
Lip(®p) (n = 0) < 3.45x107° Theorem 4.52
|F4| (correction size) <126 x 10%w Theorem 4.39
I|A;(F)| (source, n > 1) < 0.415]|/cw Lemma 4.27
|Ao(F)]| (source, n = 0) < 0.251)y|/cw Lemma 4.47
K (truncation) ~2.05 x 102w Remark 4.41

Table[5]: Accurate numerical values of standard constants

A.5.6. Numerical value of C,
used in the estimates throughout the paper.

We verify numerically that C; = 5F(5) = 6697 /1800.

Constant Value Using the closed form Eq. (205):

log2 0.6931 o

log3 1.0986 P P R

log 4 1.3863 25 5 125

log5 1.6094 With Hs = 137/60 and H®) = 5269,/3600:

1 1.791

10g§ 1 949152 F(5) = 2137, 209269 5

8 ' T 2560  5-3600 125

log 8 2.0794 o ) i .
2(3/2) 26124 Simplifying with common denominator 18000:

7(3) 1.2021 P(s) = 3288+10588 432 _ 13894 _ 667
7(7/4) 1.9680 N 18000 ~ 18000 ~ 9000°
e (Eule—Mascheroni)  0.5772 Hence 5F(5) = 6697/1800 ~ 3.72056. v/
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A.5.4. Derivation of Ci"!

See the proof of Lemma 4.11.

A.5.5. Derivation of x,,

The truncation constant x,, from Remark 4.41 is

har
56CE (75 T)%  56-22.4 )
= ~ 2. 107“ w.
Kw » > 1752 w 05x107“w

(239)
The factor y(s)harp = w/175 has units of energy, so x.,

also has units of energy. Fore = 107 and w = 1:
Rinax ~ 3.4 x 107.
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